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Abstract

Virtually hundreds of tools and applications exist to help user to build and to solve math-
ematical model. Lists of software and applications can be found in the Internet. In this
paper, some links are given where to look for an appropriate tool. It is unrealistic to give
an exhaustive overview, also because the situation is changing rapidly and new approaches
emerge all the time.

The focus in this paper is mathematical modeling (not solving) in the realm of numerical
linear and non-linear optimization and combinatorial models – which are typically used in
operations research. The goal of this paper is to give a first impression of various modeling
tools –free and commercial– that could be used to build mathematical models. The presen-
tation for each tool is done by a small problem example which is implemented. In this way,
the reader gets a first and better idea of the tool. The selection of the tools do not follow a
systematical method, it is rather a subjective choice of systems that I came across in the last
years.

I also implemented each problem in my modeling language LPL, that I have developed
over the years, and I make some comparisons. However, there is no claim here to rate one
tool against another. I have my opinion on various features of a modeling tool and I present
also my checklist of what a modeling tool should contain and what not, a subjective checklist
that comes from my longtime experiences in practical modeling and the implementations. I
do not pretend that this checklist is the last resort. There are various criteria why a specific
tool is chosen in a concrete situation and not another.

I think mathematical modeling, that is, finding and implementing an appropriate formu-
lation of a problem is itself an important activity, besides of solving these models, that is,
finding efficient methods and algorithms to get an (optimal) solution. A great deal of my re-
search career I invested in developing ideas and implementing them in a modeling language
to formulate all kind of problems. Most ideas come from my practical activities as a consul-
ter and teacher in operations research. Modestly, I must say that I was only half-successful:
While LPL is a great tool for implementing large MIP’s in a commercial context, most of the
additional features in LPL are still experimental. Nevertheless, I like to share my knowledge
with others, so maybe some of you can pick an idea from my experiences.

The toolboxes and software presented here are grouped into three categories: (alge-
braic) modeling languages, programming languages, and further tools in the proximity of
mathematical modeling.

A ZIP file of all models and the data displayed in this paper can be found at this link:
modeling4.7z.
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1 Introduction
The list of mathematical modeling software is huge. One can find free and commercial software
for all kind of problems. Searching the Internet under “mathematical modeling”, “mathemati-
cal software”, “optimization software”, “mathematics learning”, “mathematical tools” exposes
many links. Wikipedia and other sites list various categories, many other links exist, the field is
very dynamic and new approaches appear all the time:

• Modeling Languages lists modeling languages not only mathematical once.
• What is math. modeling? gives a definition and also presents a serie of videos on mathe-

matical modeling.
• www.mathscareers.org.uk/ is another page that give some explanation what modeling is.
• Optimization Software list a number of mathematical optimization software (unfortunately

some newer are missing).
• Wikipedia’s list of optimization software (somewhat outdated) contains a large list of mod-

eling software.
• Wikipedia’s mathematics software contains further links.
• Comparison of optimization software gives a limited list where several packages are com-

pared.
• Optimization Software is a large list of systems composed by Prof. Neumaier.
• 10 great languages for mathematics are presented – a subjective but relevant choice in my

opinion.
• Decision tree for optimization software lists a large number of systems.
• Coin|OR is an open source project for the operations research community. The mission

of the COIN-OR Foundation, Inc., is to create and disseminate knowledge related to all
aspects of computational operations research.

• A lot of material and models in many languages can be found on hakank’s Home Page.
• An extensive and up-to-date list of optimization packages in Python is found at Python

2025.
• A Progress in mathematical programming solvers from 2001 to 2020 can be found in the

following paper (2022) : Koch,Berthold,Pedersen,Vanaret.
In this paper, I present a limited number of systems, hopefully some of the most relevant

once, by implementing a simple example for each tool to get a flavor and a first impression of
them. I give my personal comments in the light of the following criteria for a – what I think
is a “good” – mathematical modeling system. In my opinion, a mathematical modeling system
should fulfill the following requirements:

1. A modeling system should be based in a formal language. Like a programming language,
which is based on a written text and a formal syntax, a modeling system should be based
on an executable language.
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2. The modeling language syntax should be as close as possible to a common mathematical
notation used to specify a model.

3. In addition, the modeling language should be a complete programming language, that is,
rich enough to implement any algorithm (Turing complete), and it should contain features
of a modern programming language.

4. An important part of the syntax should be its (sparse) index capability in order to be able
to formulate large models in a concise way.

5. It should be possible to formulate within the language all kinds of model paradigms: linear,
non-linear, permutations, containing logical constraints, constraint programming (CP),
differential systems, etc.

6. In the language it should be possible to modularize an model into sub-modules, in order to
encapsulate entities and objects, similar to a modern programming language that contains
classes (objects), modules, procedures, functions, etc.

7. The model formulation should be independent of a solution method (solver). From the
structure of the model, it should be possible to infer automatically what solver is apt to
solve the model.

8. The model should be independent from the data instances. A model structure should be
executable without data. The data could be part of the code, but it is not necessary and
normally would be separated from the model structure.

9. On the base of the language, visual representations, like A-C graphs or others, and “visual”
editors to build, manipulate and to modify the model could be built, as alternatives to
editing and viewing the textual code – a modeling framework.

10. Likewise programming languages, documenting a model is an important part in modeling
– I guess it is even more important in modeling to understand its semantic.

In my opinion, mathematical modeling should not be just an “addon” package within a com-
mon programming language, this would always be somewhat artificial. Modeling is too impor-
tant to be a supplement or an annex of an (existing) programming language. I know this is not
the actual trend, a lot of packages have been developed for Python, Julia, and other languages
that allow a modeler to code mathematical models. It is said that this has some advantages:
One must learn only one language; a language like Python contains thousands of packages for
all kinds of tasks: manipulating, reading/writing data, generating graphics and others; imple-
menting efficient algorithms. However, the modeling language that I have in mind (which has
not been found by now in my opinion) is also a complete programming language with all its
interfaces to libraries, other software and own extensions with packages. Another paper that
compares five languages (AMPL, AIMMS, GAMS, Pyomo, and JuMP) is [14].

2 (Algebraic) Modeling Languages
Algebraic Modeling Languages are computer executable specialized language to represent math-
ematical models. Their syntax is similar to the mathematical notation of optimization problems:
They use sets, indices, multi-dimensional data-cube, variables, algebraic expressions to specify
constraints and objectives. The model representation is purely declarative and does not give any
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indication on how to process or solve the model. The language has an interface to one or several
separate “solvers” – procedures or libraries that can solve the model. The main task of the lan-
guage is to create a complete model instance (model structure + data), to call a solver, and then
to output an appropriate result. Depending on the model type (linear, integer, non-linear, etc.)
the model must be solved by a different solver. Some solvers are limited (but eventually efficient)
to solve linear model, others are specialized on non-linear differentiable problems, still others
on Boolean problems, or others. Normally, an (existing) algebraic language is not a full-fledged
programming language, or it includes a limited number of procedures to manipulate data or to
output results.

One of the first algebraic modeling language was GAMS, developed in the 1980’s, and is still
a major and prominent player on the market. Shortly after, a first version of AMPL, a powerful
tool, came out and is one of the most widespread language.

2.1 GAMS
GAMS is a general algebraic modeling system, based on its high level modeling language. It
declares a model by specifying a number of Sets, Parameters, Tables, Scalars, Variables, Equa-
tions, Model. It contains a Solve statement to call a solver and various Display functions to output
the results. GAMS has probably the largest number of interfaces to all kinds of solvers. Very
large models can be processed efficiently using GAMS and it has a powerful sparse-indexing
mechanism. A large number of model examples is available on the site of GAMS. GAMS is
probably the oldest algebraic modeling language, its first version has been published in 1982. It
is a commercial software, but a free demo version is available. As a small example, the following
model implements the problem of maximally coexisting queens on a chessboard.

2.1.1 Coexisting Armies of Queens (coexx)

Problem: Two armies of queens (black and white) peacefully coexist on a chessboard when they
are placed on the board in such a way that no two queens from opposing armies can attack each
other. The problem is to find the maximum two equal-sized armies. This model is from the
GAMS model library (GAMS SEQ=218). See also [11].
Modeling Steps: The model is a tighter formulation of the model coex. The chessboard is a 8×8
grid, defining 𝑖 ∈ 𝐼 = {1,… , 8} rows and 𝑗 ∈ 𝐼 columns. It contains 𝑠 ∈ 𝑆 = {1,… , 2|𝐼|−3}
diagonals. Let 𝑠ℎ𝑠 be the shift value of a (forward) diagonal relative to the main diagonal, and
let 𝑟𝑣𝑠,𝑖 be the reverse shift order value.

We introduce various binary variables: 𝑥𝑤𝑖,𝑗 = 1 if cell (𝑖, 𝑗) has a white queen; 𝑥𝑏𝑖,𝑗 = 1
if cell (𝑖, 𝑗) has a black queen; 𝑤𝑎𝑖 = 1 if row 𝑖 contains a white queen; 𝑤𝑏𝑗 = 1 if column 𝑗
contains a white queen; 𝑤𝑐𝑠 = 1 if (forward) diagonal 𝑠 contains a white queen; 𝑤𝑑𝑠 = 1 if
(backward) diagonal 𝑠 contains a white queen. Furthermore, let us introduce the total number
of white (black) queens as an integer variable 𝑡𝑜𝑡.
Constraints (1-6) are formulated in a logical way. Basically, these constraints say the following:
if a cell occupies a white queen then in the same row, column and the two diagonals only white
queens are allowed, and if a cell occupies a black queen then no white queen is allowed in the
same row, column and the two diagonals. Constraint (1), for instance, formulates the following
fact: “if cell (𝑖, 𝑗) is occupied by a white queen (𝑥𝑤𝑖,𝑗 is true) then row 𝑖 and column 𝑗 must
contain a white queen”, that is, 𝑤𝑎𝑖 and 𝑤𝑏𝑗 both must be true. The other logical constraints can
be interpreted in a similar way (try to verbalize them yourself!).
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Contraints (7-8) define the total number of white and black queens and the objective function
maximized that number. (In addition, we fix the position of one queen in the LPL code, since
this does not change the optimal value.)

max 𝑡𝑜𝑡
𝑥𝑤𝑖,𝑗 → 𝑤𝑎𝑖 ∧ 𝑤𝑏𝑗 forall 𝑖, 𝑗 ∈ 𝐼 (1)
𝑥𝑤𝑖,𝑖+𝑠ℎ → 𝑤𝑐𝑠 forall 𝑠 ∈ 𝑆, 𝑖 ∈ 𝐼 (2)
𝑥𝑤𝑖,𝑖+𝑟𝑣𝑠,𝑖 → 𝑤𝑑𝑠 forall 𝑠 ∈ 𝑆, 𝑖 ∈ 𝐼 (3)
𝑥𝑏𝑖,𝑗 → ¬𝑤𝑎𝑖 ∧ ¬𝑤𝑏𝑗 forall 𝑖, 𝑗 ∈ 𝐼 (4)
𝑥𝑏𝑖,𝑖+𝑠ℎ𝑠 → ¬𝑤𝑐𝑠 forall 𝑠 ∈ 𝑆, 𝑖 ∈ 𝐼 (5)
𝑥𝑏𝑖,𝑖+𝑟𝑣𝑠,𝑖 → ¬𝑤𝑑𝑠 forall 𝑠 ∈ 𝑆, 𝑖 ∈ 𝐼 (6)
𝑡𝑜𝑡 =

∑

𝑖,𝑗
𝑥𝑏𝑖,𝑗 (7)

𝑡𝑜𝑡 =
∑

𝑖,𝑗
𝑥𝑤𝑖,𝑗 (8)

Further Comments: The model is a typical model with logical constraints. LPL translates these
constraints automatically into linear integer constraints (for more information see my paper on
Boolean and logical modeling logical.pdf). For instance, take the first constraint:

𝑥𝑤𝑖,𝑗 → 𝑤𝑎𝑖 ∧ 𝑤𝑏𝑗 forall 𝑖, 𝑗 ∈ 𝐼

First it is transformed to a CNF-form (conjunctive normal form) as follows:
(¬𝑥𝑤𝑖,𝑗 ∨ 𝑤𝑎𝑖) ∧ (¬𝑥𝑤𝑖,𝑗 ∨ 𝑤𝑏𝑗) forall 𝑖, 𝑗 ∈ 𝐼

And then to two constraints as follows:
1 − 𝑥𝑤𝑖,𝑗 +𝑤𝑎𝑖 ≥ 1 , 1 − 𝑥𝑤𝑖,𝑗 +𝑤𝑏𝑗 ≥ 1 forall 𝑖, 𝑗 ∈ 𝐼

In GAMS, these constraints must be translated manually to mathematical linear constraints.
GAMS has this very handy Alias syntax to specify several names for one index (In LPL, it
can be placed directly in the declaration of the sets). This unimpressive feature is helpful for
large and complicated models, no other language contains it. GAMS has a somewhat “old-
fashioned” syntax like =g= for ≥. One also needs to declare an equation first, and only after that
the constraint expression can be assigned. Comments are not clearly marked or separated from
the formal syntax.

Note also, GAMS is – apart from some output statements – a purely declarative language
and, therefore, has no instruction to generate graphs.
LPL code (run coexx)

model COEXX " C o e x i s t i n g Armies o f Queens ";
set i,j := 1..8 " s i z e o f c h e s s boa rd ";

s := 1..2*#i-3 " d i a g o n a l o f f s e t ";
parameter sh{s} := s-#i+1 " d i a g s h i f t v a l u e s ";
rv{s,i} := #i+1-2*i+ sh " r e v e r s e s h i f t o r d e r ";

binary variable
xw{i,j} " has a w h i t e queen ";
xb{i,j} " has a b l a c k queen ";
wa{i} " w h i t e i n row i ";
wb{i} " w h i t e i n column j ";
wc{s} " w h i t e i n d i a g o n a l s ";
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wd{s} " w h i t e i n backward d i a g o n a l s ";
variable tot;
constraint
aw{i,j}: xw -> wa[i] and wb[j]

" w h i t e i n row i / c o l j ";
cw{s,i}: xw[i,i+sh] -> wc[s]

" w h i t e i n d i a g s ";
dw{s,i}: xw[i,i+rv] -> wd[s]

" w h i t e i n back d i a g s ";
ab{i,j}: xb -> ~wa[i] and ~wb[j]

" b l a c k i n row i / c o l j ";
cb{s,i}: xb[i,i+sh] -> ~wc[s]

" b l a c k i n d i a g s ";
db{s,i}: xb[i,i+rv] -> ~wd[s]

" b l a c k i n back d i a g s ";
eb: tot = sum{i,j} xb

" t o t a l b l a c k ";
ew: tot = sum{i,j} xw

" t o t a l w h i t e ";
fx11: xb[1,1] = 1;

−− f i x one queen i n t h e NW c o r n e r
maximize obj: tot;
/ / draw t h e s o l u t i o n b l a c k b o a r d
Draw.Scale(50,50);
{i,j} Draw.Rect(i,j,1,1,if((i+j)%2,0,1),0);
{i,j|xb} Draw.Circle(j+.5,i+.5,.3,5);
{i,j|xw} Draw.Circle(j+.5,i+.5,.3,4);

end

GAMS code (download coexx.gms)
Sets i size of chess board / 1* 8 /

s diagonal offsets / 1* 13 /
scalar idiags correct size of s;

idiags = 2*card(i) - 3;
abort$(card(s) <> idiags) 's has incorrects size',idiags;
Alias (i,j)
Parameter sh(s) shift values for diagonals

rev(s,i) reverse shift order;
sh(s) = ord(s) - card(i) + 1 ;
rev(s,i) = card(i) + 1 - 2*ord(i) + sh(s);

Binary Variable
xw(i,j) has a white queen
xb(i,j) has a black queen
wa(i) white in row i
wb(i) white in column j
wc(s) white in diagonal s
wd(s) white in backward diagonal s;

Variable tot;

Equations aw(i,j) white in row i
bw(j,i) white in column j
cw(s,i) white in diagonal s
dw(s,i) white backward diagonal s
ew total white
ab(i,j) black in row i
bb(j,i) black in column j
cb(s,i) black in diagonal s
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db(s,i) black backward diagonal s
eb total black;

aw(i,j).. wa(i) =g= xw(i,j);
bw(j,i).. wb(j) =g= xw(i,j);
cw(s,i).. wc(s) =g= xw(i,i+sh(s));
dw(s,i).. wd(s) =g= xw(i,i+rev(s,i));

Solution output of the LPL drawing code

Figure 1: 2 × 9 Queens can be placed maximally

...continue with GAMS code
ab(i,j).. 1-wa(i) =g= xb(i,j);
bb(j,i).. 1-wb(j) =g= xb(i,j);
cb(s,i).. 1-wc(s) =g= xb(i,i+sh(s));
db(s,i).. 1-wd(s) =g= xb(i,i+rev(s,i));
eb.. tot =e= sum((i,j), xb(i,j));
ew.. tot =e= sum((i,j), xw(i,j));
Model army / all /;
option limcol=0,limrow=0;
xb.fx('1','1') = 1; ! f i x one p o s i t i o n i n t h e NW c o r n e r
Solve army maximizing tot using mip;

2.2 AMPL
AMPL is one of the most powerful algebraic modeling language available today. It also supports
dozens of solvers. It is similar to GAMS but has a more straightforward and more concise syntax.
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It can formulate large linear, integer and non-linear models and contains automatic differenti-
ation for non-linear models. It also can add logical constraints that are treated by constraint
programming solvers. AMPL generates the nl-file, which has become a standard input format
for many solvers. Model data are strictly separated from the model structure which is purely
declarative. In a small, separated script language one can read/write the data and call a solver or
do some other model manipulation interactively. In the following, two small models show the
syntax of AMPL.

2.2.1 Transshipment Problem with Fixed Costs (multmip1)

Problem: The model is a transportation problem from a set of origins to destinations with vari-
able and fixed costs on each route if used. The model is from [5]
Modeling Steps: An set of products 𝑝 ∈ 𝑃 must be transported from origins (p.e. warehouses)
𝑖 ∈ 𝑂 to destinations (p.e. client regions) 𝑗 ∈ 𝐷. The supply quantity at the origin 𝑖 per product
𝑝 is given as 𝑠𝑖,𝑝, the demand at the destination 𝑗 for product 𝑝 is 𝑑𝑗,𝑝. Maximally, 𝑢𝑖,𝑗 units of
the products can be transported on an route (𝑖, 𝑗). Variable transportation costs on route (𝑖, 𝑗)
for product 𝑝 is 𝑣𝑐𝑖,𝑗,𝑝. There is also a fixed cost on route (𝑖, 𝑗) if this route is use: 𝑓𝑐𝑖,𝑗 . The
unknown transporation quantity is a variable 𝑇𝑖,𝑗,𝑝. Furthermore, we need a binary variable 𝑈𝑖,𝑗 ,which is 1 if the route (𝑖, 𝑗) is used. The model is:

min
∑

𝑖∈𝑂, 𝑗∈𝐷, 𝑝∈𝑃
𝑣𝑐𝑖,𝑗,𝑝 ⋅ 𝑇𝑖,𝑗,𝑝 +

∑

𝑖∈𝑂, 𝑗∈𝐷
𝑓𝑐𝑖,𝑗 ⋅ 𝑈𝑖,𝑗

𝑠.𝑡
∑

𝑗∈𝐷
𝑇𝑖,𝑗,𝑝 = 𝑠𝑖,𝑝 forall 𝑖 ∈ 𝑂, 𝑝 ∈ 𝑃

∑

𝑖∈𝑂
𝑇𝑖,𝑗,𝑝 = 𝑑𝑗,𝑝 forall 𝑗 ∈ 𝐷, 𝑝 ∈ 𝑃

∑

𝑝∈𝑃
𝑇𝑖,𝑗,𝑝 <= 𝑢𝑖,𝑗𝑈𝑖,𝑗 forall 𝑖 ∈ 𝑂, 𝑗 ∈ 𝐷

Further Comments: This model showns how close the AMPL (and LPL) notation is to the
mathematical notation. To run the model, AMPL uses a separated script language :

model multmip1.mod;
data multmip1.dat;
solve;
option display_1col 5;
display Trans;

In LPL, one can also separate data and output instructions from the model structure and then
run the following instruction from the command line :

lplc multmip1 - @INF=’multmip1.txt’#@OUTF=’multmip1.out’

LPL code (run multmip1)
model multmip1 " T r a n s s h i p m e n t Problem wi th f i x e d c o s t s ";

set ORIG; / / o r i g i n s
set DEST; / / d e s t i n a t i o n s
set PROD; / / p r o d u c t s
parameter supply{ORIG,PROD};
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parameter demand{DEST,PROD};
parameter limit{ORIG,DEST};
parameter vcost{ORIG,DEST,PROD};

variable Trans{ORIG,DEST,PROD};
parameter fcost{ORIG,DEST};
binary variable Use{ORIG,DEST};

minimize TotalCost:
sum{i in ORIG, j in DEST, p in PROD} vcost[i,j,p] * Trans[i,j,p]
+ sum{i in ORIG, j in DEST} fcost[i,j]*Use[i,j];

constraint
Supply{i in ORIG, p in PROD}: sum{j in DEST} Trans[i,j,p] = supply[

i,p];
Demand{j in DEST, p in PROD}: sum{i in ORIG} Trans[i,j,p] = demand[

j,p];
Multi{i in ORIG, j in DEST} : sum{p in PROD} Trans[i,j,p] <= limit[

i,j] * Use[i,j];
end

LPL output model (download multmip1.out)
model output;

Write(' %5s\n', {j in DEST} j);
Write{i in ORIG}('%4s %5d\n', i, {j in DEST} sum{p in PROD} Trans[i,j

,p]);
end

AMPL code (download multmip1.mod)
set ORIG; # o r i g i n s
set DEST; # d e s t i n a t i o n s
set PROD; # p r o d u c t s
param supply {ORIG,PROD} >= 0; # amounts a v a i l a b l e a t o r i g i n s
param demand {DEST,PROD} >= 0; # amounts r e q u i r e d a t d e s t i n a t i o n s

check {p in PROD}:
sum {i in ORIG} supply[i,p] = sum {j in DEST} demand[j,p];

param limit {ORIG,DEST} >= 0; # maximum s h i p m e n t s on r o u t e s
param vcost {ORIG,DEST,PROD} >= 0; # v a r i a b l e s h i p me n t c o s t on r o u t e s
var Trans {ORIG,DEST,PROD} >= 0; # u n i t s t o be s h i p p e d
param fcost {ORIG,DEST} >= 0; # f i x e d c o s t f o r u s i n g a r o u t e
var Use {ORIG,DEST} binary; # = 1 on ly f o r r o u t e s used
minimize Total_Cost:

sum {i in ORIG, j in DEST, p in PROD} vcost[i,j,p] * Trans[i,j,p]
+ sum {i in ORIG, j in DEST} fcost[i,j] * Use[i,j];

subject to Supply {i in ORIG, p in PROD}:
sum {j in DEST} Trans[i,j,p] = supply[i,p];

subject to Demand {j in DEST, p in PROD}:
sum {i in ORIG} Trans[i,j,p] = demand[j,p];

subject to Multi {i in ORIG, j in DEST}:
sum {p in PROD} Trans[i,j,p] <= limit[i,j] * Use[i,j];

LPL data (download multmip1.txt)
model data;

ORIG := [GARY CLEV PITT] ;
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DEST := [FRA DET LAN WIN STL FRE LAF] ;
PROD := [bands coils plate] ;
supply{ORIG,PROD} := /

: (tr) GARY CLEV PITT :
bands 400 700 800
coils 800 1600 1800
plate 200 300 300 /;

demand{DEST,PROD} := /
: (tr) FRA DET LAN WIN STL FRE LAF :
bands 300 300 100 75 650 225 250
coils 500 750 400 250 950 850 500
plate 100 100 0 50 200 100 250 /;

limit{ORIG,DEST} := 625 ;
vcost{ORIG,DEST,PROD} := /

[*,*,bands]:FRA DET LAN WIN STL FRE LAF :
GARY 30 10 8 10 11 71 6
CLEV 22 7 10 7 21 82 13
PITT 19 11 12 10 25 83 15

[*,*,coils]:FRA DET LAN WIN STL FRE LAF :
GARY 39 14 11 14 16 82 8
CLEV 27 9 12 9 26 95 17
PITT 24 14 17 13 28 99 20

[*,*,plate]:FRA DET LAN WIN STL FRE LAF :
GARY 41 15 12 16 17 86 8
CLEV 29 9 13 9 28 99 18
PITT 26 14 17 13 31 104 20 /;

fcost{o,d} := /
: FRA DET LAN WIN STL FRE LAF :

GARY 3000 1200 1200 1200 2500 3500 2500
CLEV 2000 1000 1500 1200 2500 3000 2200
PITT 2000 1200 1500 1500 2500 3500 2200 /;

end

AMPL data (download multmip1.dat)
data;
set ORIG := GARY CLEV PITT ;
set DEST := FRA DET LAN WIN STL FRE LAF ;
set PROD := bands coils plate ;
param supply (tr): GARY CLEV PITT :=

bands 400 700 800
coils 800 1600 1800
plate 200 300 300 ;

param demand (tr):
FRA DET LAN WIN STL FRE LAF :=

bands 300 300 100 75 650 225 250
coils 500 750 400 250 950 850 500
plate 100 100 0 50 200 100 250 ;

param limit default 625 ;
param vcost :=
[*,*,bands]:

FRA DET LAN WIN STL FRE LAF :=
GARY 30 10 8 10 11 71 6
CLEV 22 7 10 7 21 82 13
PITT 19 11 12 10 25 83 15

[*,*,coils]:
FRA DET LAN WIN STL FRE LAF :=

GARY 39 14 11 14 16 82 8
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CLEV 27 9 12 9 26 95 17
PITT 24 14 17 13 28 99 20

[*,*,plate]:
FRA DET LAN WIN STL FRE LAF :=

GARY 41 15 12 16 17 86 8
CLEV 29 9 13 9 28 99 18
PITT 26 14 17 13 31 104 20 ;

param fcost:
FRA DET LAN WIN STL FRE LAF :=

GARY 3000 1200 1200 1200 2500 3500 2500
CLEV 2000 1000 1500 1200 2500 3000 2200
PITT 2000 1200 1500 1500 2500 3500 2200 ;

2.2.2 Anti-Assignment Problem (balAssign0)

Problem: Assign people into groups in a way that the groups are as heterogeneous as possible.
Each person is identified by four characteristics (department, location, rating, and title). Build
7 groups such that these characteristics are distributed between the groups as much as possible.
Let 𝑡𝑦𝑝𝑖,𝑘 be the characteristic (as string) of person 𝑖 in category 𝑘, and let 𝑤𝑘 be the weight in
the objective function for category 𝑘. Finally, the relation 𝑇𝑌 𝑃𝐸𝑆𝑘,𝑡 is true if characteristic 𝑡 is
in category 𝑘. This problem is from AMPL/Logic
Modeling Steps: We define a set of people as 𝑖 ∈ 𝐼 and a set of groups as 𝑗 ∈ 𝐽 . All the
characteristics 𝑡 ∈ 𝑇 are grouped into four categories 𝑘 ∈ 𝐾 .
A binary variable 𝑋𝑖,𝑗 (assign) is introduced and is 1 if person 𝑖 is in group 𝑗. 𝑀𝑖𝑛𝐼𝑛𝐺𝑟𝑝 and
𝑀𝑎𝑥𝐼𝑛𝐺𝑟𝑝 are two variables defining a minimal/maximal number of persons in all groups.
Finally, let 𝑚𝑖𝑛𝑇𝑘,𝑡 and 𝑚𝑎𝑥𝑇𝑘,𝑡 the minimal/maximal number of persons that have characteristic
𝑡 in all groups. The model is then :

min 𝑀𝑎𝑥𝐼𝑛𝐺𝑟𝑝 −𝑀𝑖𝑛𝐼𝑛𝐺𝑟𝑝 +
∑

(𝑘,𝑡)∈𝑇𝑌 𝑃𝐸𝑆

𝑤𝑘(𝑚𝑎𝑥𝑇𝑘,𝑡 − 𝑚𝑖𝑛𝑇𝑘,𝑡)

subject to ∑

𝑗
𝑋𝑖,𝑗 = 1 forall 𝑖 ∈ 𝐼

𝑀𝑖𝑛𝐼𝑛𝐺𝑟𝑝 ≤
∑

𝑖
𝑋𝑖,𝑗 ≤ 𝑀𝑎𝑥𝐼𝑛𝐺𝑟𝑝 forall 𝑗 ∈ 𝐽

𝑚𝑖𝑛𝑇𝑘,𝑡 ≤
∑

𝑖|𝑡𝑦𝑝𝑖,𝑘=𝑡
𝑋𝑖,𝑗 ≤ 𝑚𝑎𝑥𝑇𝑘,𝑡 forall 𝑗 ∈ 𝐽 , (𝑘, 𝑡) ∈ 𝑇𝑌 𝑃𝐸𝑆

The objective function minimizes the deviations: Basically, we want the same number of persons
in the 7 groups (𝑀𝑎𝑥𝐼𝑛𝐺𝑟𝑝 −𝑀𝑖𝑛𝐼𝑛𝐺𝑟𝑝), but also the same number of all characteristics in
each category in the same group. The first constraint then states that each person must be in
one single group. The other two constraints limit the deviations. To make this problem harder,
decrease sample and/or increase the number of groups.
Further Comments: This model shows the difference in set/indices syntax in AMPL and LPL.
Index and sets can have the same name in LPL. This may lead to some confusion initially, but
it make the model much shorter and in my opinion more readable. It shows also, that AMPL
is more powerful in set definitions (set of sets are possible, for instance and others), but this is
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outweighted in LPL by its algorithmic (programming) part. In LPL, all “compound sets” are
defined as multi-dimensinal “relations”.
LPL code (run balAssign0)

model balAssign0 " Ant i −Ass ignment Problem ";
set PEOPLE,i;
set GROUPS,j;
set CATEG,k " c a t e g o r i e s ";
set t " a l l c h a r a c t e r i s t i c s ";
string parameter typ{i,k};
parameter typeWt{k};
set TYPES{k,t};

binary variable Assign{i,j};
variable MinInGrp [0..Floor(#i/#j)];
variable MaxInGrp [Ceil(#i/#j-1)..9999];
variable MinType{TYPES[k,t]} [0..Floor((sum{i|typ=t}1)/#j)];
variable MaxType{TYPES[k,t]} [Ceil(sum{i|typ=t}1/#j)..9999];

minimize Variation: (MaxInGrp-MinInGrp) +
sum{TYPES[k,t]} typeWt*(MaxType-MinType);

constraint
AssignAll{i}: sum{j} Assign[i,j] = 1;
InGrpDefn{j}: MinInGrp <= sum{i} Assign[i,j] <= MaxInGrp;
TypeDefn{j,TYPES[k,t]}:

MinType <= sum{i|typ=t} Assign[i,j] <= MaxType;
Write{j}('group %s\n%s\n', j, Format{i|Assign}('%s %11s\n',i, {k} typ

));
end

AMPL code (download balAssign0.mod)
set ALL_PEOPLE ordered;
param sample integer > 0;
param selection integer >= 0, < sample;
set PEOPLE := {i in ALL_PEOPLE: ord(i) mod sample = selection};
set CATEG;
param type {ALL_PEOPLE,CATEG} symbolic;
param typeWt {CATEG} >= 0;
param numberGrps integer > 0;
set TYPES{k in CATEG}:=setof{i in PEOPLE} type[i,k];
var Assign {i in PEOPLE, j in 1..numberGrps} binary;
var MinInGrp <= floor (card(PEOPLE)/numberGrps);
var MaxInGrp >= ceil (card(PEOPLE)/numberGrps);
var MinType {k in CATEG, t in TYPES[k]}

<= floor (card {i in PEOPLE: type[i,k] = t} / numberGrps);
var MaxType {k in CATEG, t in TYPES[k]}

>= ceil (card {i in PEOPLE: type[i,k] = t} / numberGrps);
minimize Variation: (MaxInGrp - MinInGrp) +

sum {k in CATEG, t in TYPES[k]}
typeWt[k] * (MaxType[k,t] - MinType[k,t]);

subj to AssignAll {i in PEOPLE}:
sum {j in 1..numberGrps} Assign[i,j] = 1;

subj to MinInGrpDefn {j in 1..numberGrps}:
MinInGrp <= sum {i in PEOPLE} Assign[i,j];

subj to MaxInGrpDefn {j in 1..numberGrps}:
MaxInGrp >= sum {i in PEOPLE} Assign[i,j];

subj to MinTypeDefn {j in 1..numberGrps, k in CATEG, t in TYPES[k]}:
MinType[k,t] <= sum {i in PEOPLE: type[i,k] = t} Assign[i,j];

14

https://matmod.ch/getmodel.html?lplfile=balAssign0.lpl
https://matmod.ch/getfile.php?file=balAssign0.mod


subj to MaxTypeDefn {j in 1..numberGrps, k in CATEG, t in TYPES[k]}:
MaxType[k,t] >= sum {i in PEOPLE: type[i,k] = t} Assign[i,j];

LPL data (download balAssign0.txt)
model data "TEST DATA f o r b a l a s s i g n 0 . l p l ";

integer parameter sample [0..9999] := 6;
integer parameter selection [0..sample-1] := 0;
integer parameter numberGrps := 7;;
j:=1..numberGrps;
set ALL_PEOPLE := [
BIW AJH FWI IGN KWR KKI HMN SML RSR TBR
KRS CAE MPO CAR PSL BCG DJA AJT JPY HWG
TLR MRL JDS JAE TEN MKA NMA PAS DLD SCG
... cut lines ...
JCO PSN SCS RDL TMN CGY GMR SER RMS JEN
DWO REN DGR DET FJT RJZ MBY RSN REZ BLW];;

typeWt{k} := / dept 1 loc 1 rate 1 title 1 /;
string parameter type{ALL_PEOPLE,CATEG} := /

: dept loc rate title :
BIW NNE Peoria A Assistant
KRS WSW Springfield B Assistant
TLR NNW Peoria B Adjunct
... cut lines ...
XYF NNE Peoria A Assistant
JEN NNE Peoria A Deputy
BLW NNE Peoria A Deputy /;

{a in ALL_PEOPLE} if(a%sample = selection,Addm(PEOPLE,a&''));
{CATEG,ALL_PEOPLE} (Addm(t,type));
{i in ALL_PEOPLE,k} (typ[i within PEOPLE,k]:=type[i,k]);
{i,k,t} if(typ[i,k]=t,TYPES[k,t]:=1);
parameter MinType1{TYPES[k,t]} := Floor(sum{i|typ=t}1/ numberGrps);

end

AMPL data (download balAssign0.dat)
param sample := 6;
param selection := 0;
param numberGrps := 7;
set ALL_PEOPLE :=

BIW AJH FWI IGN KWR KKI HMN SML RSR TBR
KRS CAE MPO CAR PSL BCG DJA AJT JPY HWG
TLR MRL JDS JAE TEN MKA NMA PAS DLD SCG
... cut lines ...
JCO PSN SCS RDL TMN CGY GMR SER RMS JEN
DWO REN DGR DET FJT RJZ MBY RSN REZ BLW;

param: CATEG: typeWt := dept 1 loc 1 rate 1 title 1;
param type:

dept loc rate title :=
BIW NNE Peoria A Assistant
KRS WSW Springfield B Assistant
TLR NNW Peoria B Adjunct
... cut lines ...
XYF NNE Peoria A Assistant
JEN NNE Peoria A Deputy
BLW NNE Peoria A Deputy ;
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2.3 LINDO/LINGO
LINDO Systems is a software for integer programming, linear programming, nonlinear program-
ming, stochastic programming, global optimization. It contains a modeling language (LINGO)
as well as solvers integrated. The What’s Best library – based on this system – is a well known
addon for Excel. It contains a fully featured environment for building and editing problems with
LINGO language. A package to Python exists: the pyLingo package. The LINGO language con-
tains also the different parts: SETS:...ENDSETS for defining sets, DATA:...ENDDATA for
defining data tables, and For-loops for defining sets of constraints. However, the LINGO
language is not as powerful as GAMS or AMPL. Also its syntax is a bit clumsy. It uses sets, but
then needs for-loops. Some keywords are old style (@FOR).
In the following, a model for the “Data Envelopment Analysis” field is used to show the syntax
of LINGO.

2.3.1 Data Envelopment Analysis (deamod)

Problem: Data Envelopment Analysis (DEA) is a method in economics to empirically mea-
sure, evaluate and compare the efficiency of decision making units (or DMUs). Each DMU is
evaluated on the basis of various input and output data (“less input and more output is better”)
(see [12] for more information). In this example, the efficiency of six high schools is compared:
Bloom (BL), Homewood (HW), New Trier (NT), Oak Park (OP), York (YK), and Elgin (EL).
The input factors are “spending per pupil” and “not low income” (COST RICH), the output fac-
tors are “Writing score” and “Science score” (WRIT SCIN). Which schools are most efficient?
The example is from [6].
Modeling Steps: Let the set of schools be 𝑖, 𝑘 ∈ 𝐼 and the (input/output) factors 𝑗 ∈ 𝐽 (the first
two factors 𝐽 1 are input the others are output factors 𝐽 2 (with 𝐽 1 ∩ 𝐽 2 = 𝐽 ). The input/output
data are collected in the matrix 𝐹𝑖,𝑗 . The variables are the scores of each DMU (𝑆𝐶𝑂𝑅𝐸𝑖) and
the weights 𝑊𝑖,𝑗 .

1. The sum of the scores is to be maximized:
max

∑

𝑖
𝑆𝐶𝑂𝑅𝐸𝑖

2. The score of a DMU is the weighted output:
𝑆𝐶𝑂𝑅𝐸𝑖 =

∑

𝑗∈𝐽 2

𝐹𝑖,𝑗𝑊𝑖,𝑗 forall 𝑖 ∈ 𝐼

3. The input of each DMU is normalized to 1 :
∑

𝑗∈𝐽 1

𝐹𝑖,𝑗𝑊𝑖,𝑗 = 1 forall 𝑖 ∈ 𝐼

4. The output divided by the input on each DMU against each other must be smaller than 1:
∑

𝑗∈𝐽 2

𝐹𝑘,𝑗𝑊𝑖,𝑗 ≤
∑

𝑗∈𝐽 1

𝐹𝑘,𝑗𝑊𝑖,𝑗 forall 𝑖, 𝑘 ∈ 𝐼
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Solution: The scores of the schools are:
Score of BL : 1.000
Score of HW : 0.910
Score of NT : 0.962
Score of OP : 0.912
Score of YK : 1.000
Score of EL : 1.000

Hence, the most efficient schools are Bloom, Yorktown, and Elgin.
Further Comments: In LINGO, the syntax begins with MODEL and ends with END but they
seemed to have no special functions besides to indicate the beginning or ending of the code.
In LPL, by contrast, they are important because in this way one can modularize the code into
multiple “sub-models”. LINGO’s syntax clear departs from the usual mathematical notation:
Instead of SUM(J IN FACTOR)... it is @SUM(FACTOR(J)...) Equality and assignment
operators are the same. Furthermore, it does not distinguish syntactically between active and
passive indices (see my paper on indexing: indexing.pdf for more information) – this is also the
case, by the way, for GAMS. I find it essential to distinguish them syntactically, it sharpens the
preciseness when creating and building models.
LPL code (run deamod)

model deamod " Data Envelopement A n a l y s i s ";
set DMU,i,k := [BL HW NT OP YK EL] " S ix s c h o o l s ";
FACTOR,j := [COST RICH WRIT SCIN] " i n p u t / o u t p u t f a c t o r s ";

parameter
/ / I n p u t s a r e " s p e n d i n g / p u p i l " and " n o t low income "
/ / O u t p u t s a r e " W r i t i n g s c o r e " and " S c i e n c e s c o r e "
NINPUTS := 2 " The f i r s t NINPUTS f a c t o r s a r e i n p u t s ";
F{i,j} := [89.39 64.3 25.2 223

86.25 99 28.2 287
108.13 99.6 29.4 317
106.38 96 26.4 291
62.40 96.2 27.2 295
47.19 79.9 25.5 222];

WGTMIN := .0005 " Min w e i gh t a p p l i e d t o e v e r y f a c t o r ";
variable W{i,j} [WGTMIN..9999999] " w e i gh t ";

SCORE{i};
maximize SC: sum{i} SCORE[i];
constraint
A{i}: SCORE[i] = sum{j|j>NINPUTS} F[i,j]*W[i,j];
B{i}: sum{j|j<=NINPUTS} F[i,j]*W[i,j] = 1;
C{i,k}: sum{j|j>NINPUTS} F[k,j]*W[i,j] <=

sum{j|j<=NINPUTS} F[k,j]*W[i,j];
Write{i}('Score of %s : %5.3f\n', i, SCORE);
Write(' %7s\n',{j} j);
Write{i}('%3s %7.4f\n', i, {j} W);

end

LINGO code (download deamod.lng)
MODEL:
! Data Envelopement A n a l y s i s (DEAMOD.LNG) ;
SETS:
DMU/BL HW NT OP YK EL/: ! S ix s c h o o l s ;

SCORE; ! Each d e c i s i o n making u n i t has a ;
! s c o r e t o be computed ;
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FACTOR/COST RICH WRIT SCIN/;
! There i s a s e t o f f a c t o r s , i n p u t & o u t p u t ;
DXF(DMU, FACTOR):F, ! F ( I , J ) = J t h f a c t o r o f DMU I ;

W; ! Weights used comput ing DMU I ' s s c o r e ;
ENDSETS
DATA:
NINPUTS = 2; ! The f i r s t NINPUTS a r e i n p u t s ;

! The i n p u t s , t h e o u t p u t s ;
F = 89.39 64.3 25.2 223

86.25 99 28.2 287
108.13 99.6 29.4 317
106.38 96 26.4 291
62.40 96.2 27.2 295
47.19 79.9 25.5 222;

WGTMIN = .0005; ! Min we ig h t a p p l i e d t o e v e r y f a c t o r
ENDDATA

!−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−;
! The Model . Everyone ' s s c o r e as h igh as p o s s i b l e ;
MAX = @SUM( DMU: SCORE);
@FOR( DMU( I):
SCORE( I) =
@SUM(FACTOR(J)|J #GT# NINPUTS: F(I, J)* W(I, J));
@SUM(FACTOR(J)|J #LE# NINPUTS: F(I, J)* W(I, J))=1;

@FOR( DMU( K):
@SUM(FACTOR(J)|J #GT# NINPUTS: F(K, J) * W(I, J))<=
@SUM(FACTOR(J)|J #LE# NINPUTS: F(K, J) * W(I, J));
););

@FOR(DXF(I, J): @BND(WGTMIN, W(I, J), 9999999););
END

2.4 HEXALY (former LocalSolver)
hexaly is a relatively new kind of global optimization commercial solver. It provides APIs for
Python, Java, C#, and C++ to model and solve your problems at hand. It also includes an pow-
erful own proprietary modeling language. The optimizer combines state-of-the-art algorithms
under the hood, it is very efficient for all kind of vehicle routing, scheduling, and other sequence
problems and complements the best commercial MIP solvers, like Gurobi or Cplex. Large vehi-
cle routing problems can be solved near optimally (see CVRP). It also can solve linear, integer,
and non-linear problems without using derivatives, and contains lower bound algorithms (for
minimizing problems) to get the optimality gap in the same way as MIP solver do. Models with
logical constraints fits naturally into its syntax.
Its specially dedicated strength lies in its treatment of “permutation problems” (see my Per-
mutation Paper for more information) which are ideally modeled and solved using hexaly. No
other modeling system to my knowledge has this feature and capability. I use the classical cvrp
(Capacitated Vehicle Routing Problem)

2.4.1 Capacitated Vehicle Routing Problem (cvrp2)

Problem: A fixed fleet of delivery vehicles of uniform capacity must service known customer
demands for a single commodity from a common depot at minimum transit cost. An concrete
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application is given in cvrp. The models cvrp-1, cvrp-2, and cvrp-3 give MIP-formulations of
the problem. Formulate this problem as a permutation problem1.
Modeling Steps: Let 𝑖, 𝑗 ∈ 𝐼 = {1,… , 𝑛−1} be a set of customer locations (𝑛 is the number of
locations including the depot and let 𝑘 ∈ 𝐾 = {1,… , 𝑚} be a set of trucks. Let the capacity of
each truck be 𝐶𝐴, and let the demand quantity to deliver to a customer 𝑖 be 𝑑𝑒𝑚𝑖. Furthermore,
the distance between two customer 𝑖 and 𝑗 is 𝑑𝑖,𝑗 . Finally, the distance from the warehouse – the
depot from where the trucks start – to each customer 𝑖 is 𝑑𝑤𝑖.The customers are enumerated with integers from 1 to 𝑛 − 1. If there were one single truck
(that must visits all customers), every permutation sequence of the numbers 1 to 𝑛 − 1 would
define a legal tour. Since we have 𝑚 trucks, a sequence of a subset of 1 to 𝑛−1 has to be assigned
to each truck. Hence, each truck starts at the depot, visiting a (disjoint) subset of customers in a
given order and returns to the depot.

The variables can now be formulated as a “partitioned permutation”. Example: if we had 3
trucks and 10 customers then the 3 subset sequences:

{{2, 3, 4}, {1, 9, 8, 5}, {6, 7, 10}}

defines a partitioning between the 3 trucks. It means, for example, that truck 1 starts at the depot
visiting customers 2, 3, 4 in this order and returns to the depot. In LPL, we can declare these
partitioned permutation with a permutation variable 𝑥𝑘,𝑖 ∈ [1… 𝑛 − 1]. For example: 𝑥1,1 = 2
means that the customer number 2 is visited by the truck 1 right after the depot, 𝑥1,2 = 3 means
that the next customer (after 2) is 3, etc.

The unique constraint is the load of the truck that these subsets must fullfill (each subset
sequence must be chosen in such a way that the capacity of the truck is larger than the cumulated
demand of the customers that it visits):

∑

𝑖|𝑥𝑘,𝑖

𝑑𝑒𝑚𝑥𝑘,𝑖 ≤ 𝐶𝐴 forall 𝑘 ∈ 𝐾

We want to minimize the total travel distance of the trucks. Let 𝑐𝑐𝑘 be the size of the subset 𝑘
(the numbers of customers that the truck 𝑘 visits). Of course that number is variable and cannot
be given in advance! Let 𝑟𝑜𝑢𝑡𝑒𝐷𝑖𝑠𝑡𝑎𝑛𝑐𝑒𝑠𝑘 be the (unknown) travel distance of truck 𝑘, then we
want to minimize the total distances (and in a first round the number of trucks):

min
∑

𝑘
𝑟𝑜𝑢𝑡𝑒𝐷𝑖𝑠𝑡𝑘

where2

𝑟𝑜𝑢𝑡𝑒𝐷𝑖𝑠𝑡𝑘 =
∑

𝑖∈2..𝑐𝑐𝑘

𝑑𝑥𝑘,𝑖−1,𝑥𝑘,𝑖 + if(𝑐𝑐𝑘 > 0, 𝑑𝑤𝑥𝑘,1 + 𝑑𝑤𝑥𝑘,𝑐𝑐𝑘
) forall 𝑘 ∈ 𝐾

The term 𝑑𝑤𝑥𝑘,1 denotes the distance of the truck 𝑘 from the depot to the first customer, and
𝑑𝑤𝑥𝑘,𝑐𝑐𝑘

is the distance of the truck tour 𝑘 from the last customer to the depot, 𝑑𝑥𝑘,𝑖−1,𝑥𝑘,𝑖 is the dis-
tance from a customer to the next – namely from customer 𝑥𝑘,𝑖−1 to customer 𝑥𝑘,𝑖 – and∑𝑖∈2..𝑐𝑐𝑘

…
sums that distances of a tour 𝑘.
Further Comments: One of the most distiguished feature of LPL and the Hexaly language is
the use of variables within passive indices. This allows one to formulate an entire and practical

1 For a definition of permutation problems see [13].
2 The expression 𝑖𝑓 (𝑏𝑜𝑜𝑙𝐸𝑥𝑝𝑟, 𝐸𝑥𝑝𝑟) returns 𝐸𝑥𝑝𝑟 if 𝑏𝑜𝑜𝑙𝐸𝑥𝑝𝑟 is true else it returns 0 (zero).
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important class of problems (the permutation problems, see my paper permutation.pdf). No
other modeling system, to my knowledge, has this feature (except Hexaly).

A model in HXM (hexaly language) is partitioned into, basically 4 functions: input(), where
the data input is defined, model(), to declare the modeling structure, param() to specify the solver
parameters, and output(), a procedure that describes the output.

Apart of real, integer, and boolean variables, LSP contains the list and set variables to specify
permutations (see my paper above). In LPL, this kind of variables is declared as 1- and 2-
dimensional integer variables with the keyword alldiff. Note also the graphical output of
LPL and the concise code for reading the data.
LPL code (run cvrp2)

model cvrp " C a p a c i t a t e d V e h i c u l e Rou t ing Problem ";
set i,j " c u s t o m e r s ";

k " t r u c k s ";
parameter

d{i,j} " d i s t a n c e s ";
dw{i} " d i s t a n c e from / t o warehouse ";
dem{i} " demand ";
CA " t r u c k c a p a c i t y ";

alldiff x{k,i} 'partition' " c u s t o m e r S e q u e n c e s ";
expression
cc{k}: count{i} x;
trucksUsed{k}: cc[k] > 0;
routeDistances{k}:

sum{i in 2..cc} d[x[k,i-1],x[k,i]]
+ if(cc[k]>0, dw[x[k,1]] + dw[x[k,cc[k]]]);

nbTrucksUsed: sum{k} trucksUsed[k];
totalDistance: sum{k} routeDistances[k];

constraint CAP{k}: sum{i|x} dem[x[k,i]] <= CA;
minimize obj1: nbTrucksUsed;
minimize obj2: totalDistance;

end

Hexaly code (download cvrp.hxm)
use io;
function input() {

readInputCvrp();
if (nbTrucks == nil) nbTrucks = getNbTrucks();
computeDistanceMatrix();

}

function model() {
customersSequences[k in 1..nbTrucks] <- list(nbCustomers);
constraint partition[k in 1..nbTrucks](customersSequences[k]);
for [k in 1..nbTrucks] {
local sequence <- customersSequences[k];
local c <- count(sequence);
trucksUsed[k] <- c > 0;
routeQuantity <- sum(0..c-1, i => demands[sequence[i]]);
constraint routeQuantity <= truckCapacity;
routeDistances[k] <- sum(1..c-1, i => distanceMatrix[sequence[i -

1]][sequence[i]])
+ (c > 0 ? (distanceWarehouse[sequence[0]] + distanceWarehouse[

sequence[c - 1]]) : 0);
}
nbTrucksUsed <- sum[k in 1..nbTrucks](trucksUsed[k]);
totalDistance <- sum[k in 1..nbTrucks](routeDistances[k]);
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minimize nbTrucksUsed;
minimize totalDistance;

}

LPL input data model for cvrp2
model data;

string parameter File:='A-n32-k5.vrp'; / / o p t =784
−− s t r i n g p a r a m e t e r F i l e : = ' cvrp − i n s t a n c e s /A−n45−k6 . v rp ' ; / / o p t =944
set h; / / h i s i p l u s 1 , 1 i s d e p o t ( warehouse )
parameter de{h}; n; m; X{h}; Y{h}; string typ; dum;
Read(File&',%1;-1:DIMENSION',dum,dum,n);
Read('%1;-1:EDGE_WEIGHT_TYPE',dum,dum,typ);
if typ<>'EUC_2D' then Write('Only EUC_2D supported\n'); return 0; end

;
Read('%1;-1:CAPACITY',dum,dum,CA);
Read{h}('%1:NODE_COORD_SECTION:DEMAND_SECTION', dum,X,Y);
Read{h}('%1:DEMAND_SECTION:DEPOT_SECTION', dum,de);
m:=Ceil(sum{h} de/CA);
k:=1..m; i:=1..n-1;
d{i,j}:=Round(Sqrt((X[i+1]-X[j+1])^2+(Y[i+1]-Y[j+1])^2));
dem{i}:=de[i+1];
dw{i}:=Round(Sqrt((X[i+1]-X[1])^2+(Y[i+1]-Y[1])^2));

end

LPL output model for cvrp2
model output friend data;

parameter y{k,i};
{k} (y[k,1]:=1, y[k,cc+2]:=1,{i|i<=cc} (y[k,i+1]:=x+1));
Draw.Scale(5,5);
{k,i in 1..cc+1} Draw.Line(X[y],Y[y],X[y[k,i+1]],Y[y[k,i+1]],k+3,3);
{k,i in 1..cc+2} Draw.Circle(y&'',X[y],Y[y],2,1,0);

end

Hexaly model input code
function param() { .... }
function output() { .... }

function readInputCvrp() {
local inFile = io.openRead(inFileName);
local nbNodes = 0;
while (true) {
local str = inFile.readString();
if(str.startsWith("DIMENSION")) {

if (!str.endsWith(":")) str=inFile.readString();
nbNodes = inFile.readInt();
nbCustomers = nbNodes - 1;

} else if ((str.startsWith("CAPACITY"))) {
if(!str.endsWith(":")) str=inFile.readString();
truckCapacity = inFile.readInt();

} else if((str.startsWith("EDGE_WEIGHT_TYPE"))) {
if(!str.endsWith(":")) str=inFile.readString();

local weightType = inFile.readString();
if (weightType != "EUC_2D") throw ("Edge Weight Type " +

weightType + " is not supported (only EUC_2D)");
} else if(str.startsWith("NODE_COORD_SECTION")) {

break;
} else { local dump = inFile.readln(); }

}
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//nodeX and nodeY are indexed by original data indices (1 for depot)
for[n in 1..nbNodes] {
if (n != inFile.readInt()) throw "Unexpected index";

The output graph of LPL
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Figure 2: Optimal Solution of “A-n32-k5.vrp”

Hexaly input code (continued)
nodesX[n] = round(inFile.readDouble());
nodesY[n] = round(inFile.readDouble());

}
dump = inFile.readln();
if (!dump.startsWith("DEMAND_SECTION")) throw "Expected keyword

DEMAND_SECTION";
for[n in 1..nbNodes] {
if(n!=inFile.readInt()) throw "Unexpected index";
local demand = inFile.readInt();
if (n == 1) {

if (demand != 0) throw "expected demand for depot is 0";
} else {

demands[n-2] = demand; // demands is indexed by customers
}

}
dump = inFile.readln();
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if (!dump.startsWith("DEPOT_SECTION")) throw "Expected keyword
DEPOT_SECTION";

local warehouseId = inFile.readInt();
if (warehouseId != 1) throw "Warehouse id is supposed to be 1";
local endOfDepotSection = inFile.readInt();
if (endOfDepotSection != -1) throw "Expecting only one warehouse,

more than one found";
}

function computeDistanceMatrix() { .... }
function getNbTrucks() { .... }

2.5 MiniZinc
MiniZinc is an open-source, solver-independent constraint modeling language. The MiniZinc
Software includes also the solvers Gecode, Chuffed, COIN-OR CBC, and a Gurobi interface
(see [8]). One can also model linear or non-linear optimization problems. Like other algebraic
modeling languages, MiniZinc contains sets (defined as arrays), parameter, variables, constraints
and solve instructions to formulate a model in a purely declarative way. As a language for
constraint programming, constraints can contain Boolean operators, such as and (/\), or (\/),
imply (->), or not equal (!=) operators, etc. One of the most interesting and prominent feature of
MiniZinc (and of other constraint programming systems) is its library of global constraints (see
for example Global Constraint Catalog). Without going into the details here, two examples are
given: (1) The alldifferent function constrains a set of (integer) variables to be all different from
each other. (2) The at_most function requires at most 𝑛 variables in a set of variables to take the
given value 𝑣. Some of these global constraints could be expressed in a common mathematical
notation, but – depending on the solver used – this would be inefficient. Given a set of integer
variables 𝑥𝑖 with 𝑖, 𝑗 ∈ 𝐼 , the alldifferent constraint, for example, could be expressed as

𝑥𝑖 ≠ 𝑥𝑗 forall 𝑖, 𝑗 ∈ 𝐼, 𝑗 > 𝑖

The atmost constraint3 could be expressed as:
∑

𝑖∈𝐼
(𝑥𝑖 = 𝑣) = 𝑛

Expressing these constraints using a function name has the advantage that the constraint pro-
gramming system recognizes them and can apply special and more efficient algorithms. MiniZ-
inc contains many global constraints (see the Reference Manual of MiniZinc and it is the real
strength of this language.
Two models are given to show Boolean modeling and the use of alldifferent constraint in MiniZ-
inc.

2.5.1 Sudoku Puzzle (sudokuM)

Problem: The Sudoku problem is explained in another model (see sudoku).
Modeling Steps: The implementation for this model is explained elsewhere (see sudokuInt).

3Note that LPL’s atmost keyword does not correspond to this global constraint
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Further Comments: MiniZinc contains and uses the global constraint alldifferent (LPL uses
the Alldiff function) to specify the constraints on the integer variables. MiniZinc uses ranges
and array to specify multi-dimensional data sets or variables.
LPL code (run sudokuM)

model Sudoku " Sudoku P u z z l e ";
parameter n:=3;
set i,j := 1..n^2;
set g,h:=1..n; u,v:=1..n;
integer parameter start{i,j} := [

5, 3, 1, 0, 0, 9, 6, 2, 0,
0, 0, 0, 0, 0, 0, 0, 0, 0,
0, 0, 0, 0, 0, 6, 0, 9, 4,
0, 9, 6, 0, 3, 8, 1, 0, 0,
0, 0, 0, 0, 0, 0, 3, 0, 0,
7, 0, 0, 6, 0, 1, 0, 4, 0,
0, 6, 0, 8, 0, 0, 4, 0, 0,
1, 0, 5, 0, 2, 0, 0, 0, 0,
0, 0, 0, 0, 0, 0, 0, 0, 0];

integer variable X{i,j} [1..n^2];
constraint
A{i}: Alldiff({j} X[i,j]);
B{j}: Alldiff({i} X[i,j]);
C{g,h}: Alldiff({u,v} X[(g-1)*n+u,(h-1)*n+v]);
D{i,j|start}: X[i,j] = start[i,j];

solve;
Write{i}('%3d\n',{j} X);

end

MiniZinc code (download sudokuM.mzn)
set of int: RANGE = 1..9;
array[RANGE, RANGE] of int: start;
array[RANGE, RANGE] of var RANGE: X;
array[RANGE] of RANGE: first_i = [((k-1) div 3)*3 + 1| k in RANGE]; %

f i r s t i i n each s q u a r e
array[RANGE] of RANGE: first_j = [((k-1) mod 3)*3 + 1| k in RANGE]; %

f i r s t j i n each s q u a r e
start = [| 5, 3, 1, 0, 0, 9, 6, 2, 0,

| 0, 0, 0, 0, 0, 0, 0, 0, 0,
| 0, 0, 0, 0, 0, 6, 0, 9, 4,
| 0, 9, 6, 0, 3, 8, 1, 0, 0,
| 0, 0, 0, 0, 0, 0, 3, 0, 0,
| 7, 0, 0, 6, 0, 1, 0, 4, 0,
| 0, 6, 0, 8, 0, 0, 4, 0, 0,
| 1, 0, 5, 0, 2, 0, 0, 0, 0,
| 0, 0, 0, 0, 0, 0, 0, 0, 0 |];

include "alldifferent.mzn";
constraint forall(i in RANGE)(alldifferent([X[i,j] | j in RANGE]));
constraint forall(j in RANGE)(alldifferent([X[i,j] | i in RANGE]));
constraint forall(k in RANGE)(alldifferent([X[i,j] | i in first_i[k]..

first_i[k]+2, j in first_j[k]..first_j[k]+2]));
constraint forall(i,j in RANGE where start[i,j]!=0) (X[i,j] = start[i,j

]);

output [show([X[i,j]| j in RANGE]) ++ "\n"| i in RANGE];

solve satisfy;
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2.5.2 Light Up Puzzle (lightup1)

Problem: The Light-Up puzzle consists of a rectangular grid of squares which are white or
black. Every black filled square contains a number from 0 to 4, or may have no number. The
aim is to place lights in the white squares so that

1. Each white square is illuminated, that is, it can see a light through an uninterrupted hori-
zontal or vertical line of white squares.

2. No two lights can see each other.
3. The number of lights adjacent to a numbered filled square is exactly the number in the

filled square.
The puzzle is from MiniZinc Docs. An example of a puzzle is given in Figure 3.

0

0 3

2 4

1

1 2

Figure 3: A Light Up Puzzle

Modeling Steps: For the size 𝑤 × ℎ (width/height) of the grid, we define a set 𝑗, 𝑗1 ∈ 𝑊 =
{1,… , 𝑤} and 𝑖, 𝑖1 ∈ 𝐻 = {1,… , ℎ}. A parameter 𝑏𝑖,𝑗 ∈ [−1,… , 5] is declared for every
square (𝑖, 𝑗) in the grid: 𝑏𝑖,𝑗 = −1 means the square is white, 𝑏𝑖,𝑗 = 5 means the black square is
empty, otherwise (𝑏𝑖,𝑗 ∈ [0,… , 4]) the square is black and contains the digit 𝑏𝑖,𝑗 .Furthermore, a 4-dimensional relationship, called visible, 𝑉𝑖,𝑗,𝑖1,𝑗1 is defined which is true if
square (𝑖1, 𝑗1) is visible from square (𝑖, 𝑗), otherwise 𝑉𝑖,𝑗,𝑖1,𝑗1 is false.

We want to know in which squares to put a light: a binary variable 𝑥𝑖,𝑗 is introduced, it is
= 1, if a light has to be placed in square (𝑖, 𝑗), otherwise it is = 0.
There are four constraints:4
(1) A black square does not have a light:

𝑥𝑖,𝑗 = 0 forall 𝑖 ∈ 𝐻, 𝑗 ∈ 𝑊 , 𝑏𝑖,𝑗 ≠ −1

4Note: “𝑥 nand 𝑦” and “𝑥 nor 𝑦” mean 𝑥 ∧ 𝑦 and 𝑥 ∨ 𝑦
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(2) For a black numbered square (𝑖, 𝑗), the number of lights in the four neighbours (left/right,
top/down) must correspond to the number in the square:

∑

𝑖1,𝑗1|𝑅(𝑖,𝑗,𝑖1,𝑗1)
𝑥𝑖1,𝑗1 = 𝑏𝑖,𝑗 forall 𝑖 ∈ 𝐻, 𝑗 ∈ 𝑊 , 𝑏𝑖,𝑗 ∈ [0,… , 4]

where 𝑅(𝑖, 𝑗, 𝑖1, 𝑗1) = 𝑖 − 1 ≤ 𝑖1 ≤ 𝑖 + 1 ∧ 𝑗 − 1 ≤ 𝑗1 ≤ 𝑗 + 1 ∧ |𝑖1 − 𝑖| + |𝑗1 − 𝑗| = 1

(3) For all white squares (𝑖, 𝑗) that are visible from (𝑖, 𝑗1) or from (𝑖1, 𝑗), either (𝑖, 𝑗1) or (𝑖1, 𝑗)
(or both) must have a light:

⋁

𝑗1|𝑉𝑖,𝑗,𝑖,𝑗1

𝑥𝑖,𝑗1 ∨
⋁

𝑖1|𝑉𝑖,𝑗,𝑖1,𝑗

𝑥𝑖1,𝑗 forall 𝑖 ∈ 𝐻, 𝑗 ∈ 𝑊 , 𝑏𝑖,𝑗 = −1

(4) For two different squares (𝑖, 𝑗) and (𝑖1, 𝑗1) that are visible from each other, only one can have
a light:

𝑥𝑖,𝑗 nand 𝑥𝑖1,𝑗1 forall (𝑖, 𝑗, 𝑖1, 𝑗1) ∈ 𝑉 , 𝑖 ≠ 𝑖1, 𝑗 ≠ 𝑗1, 𝑏𝑖,𝑗 = 𝑏𝑖1,𝑗1 = −1

Solution: The data file for LPL can be downloaded from lightup1.txt. The solution for this data
is given in Figure 4, generated by the output model of LPL (see below).
Further Comments: LPL and MiniZinc are similar in the notation of a logical constraint (both
use exist (exists), and ( /\ ), or ( \/ ) to express the constraint. In contrast to MiniZ-
inc and depending on the the solver used, LPL translates the logical constraints into purely math-
ematical statements if using a MIP solver.
LPL code (run lightup)

model lightup1 " L i g h t Up P u z z l e ";
set i,i1,H; / / boa rd h e i g h t
set j,j1,W; / / boa rd wid th
parameter b{i,j} [-1..5]; / / boa rd
E := -1; / / empty s q u a r e
F := 5; / / empty b l a c k s q u a r e

set visible{i,j,i1,j1};
binary variable x{i,j}; / / i s t h e r e a l i g h t
constraint C1{i,j|b<>E}: x=0;
constraint C2{i,j|b=E nor b=F}:
sum{i1,j1|i-1<=i1<=i+1 and j-1<=j1<=j+1 and

Abs(i1-i)+Abs(j1-j)=1} x[i1,j1] = b[i,j];
constraint C3{i,j|b=E}:
exist{j1|visible[i,j,i,j1]} x[i,j1] or
exist{i1|visible[i,j,i1,j]} x[i1,j];

constraint C4{visible[i,j,i1,j1]|i<>i1 or j<>j1}:
x[i,j] nand x[i1,j1];

solve;
end

model data " t h e d a t a model ";
parameter h; w;
Read('lightup1.txt',h,w);
i:=1..h; j:=1..w;
Read{i}(',;1',{j} b);
visible{i,j,i1,j1} :=
(i=i1) and and{j2 in W|Min(j,j1)<=j2<=Max(j,j1)}(b[i,j2]=E) or
(j=j1) and and{i2 in H|Min(i,i1)<=i2<=Max(i,i1)}(b[i2,j]=E);

end
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MiniZinc code (download lightup1.mzn)
int: h; set of int: H = 1..h; % board h e i g h t
int: w; set of int: W = 1..w; % board wid th
array[H,W] of -1..5: b; % board
int: E = -1; % empty s q u a r e
set of int: N = 0..4; % f i l l e d and numbered s q u a r e
int: F = 5; % f i l l e d unnumbered s q u a r e
test visible(int: i1, int: j1, int: i2, int: j2) =

((i1 == i2) /\ forall(j in min(j1,j2)..max(j1,j2))
(b[i1,j] == E)) \/

((j1 == j2) /\ forall(i in min(i1,i2)..max(i1,i2))
(b[i,j1] == E));

array[H,W] of var bool: x; % i s t h e r e a l i g h t
constraint forall(i in H, j in W where b[i,j] != E)(x[i,j] == false);
constraint forall(i in H, j in W where b[i,j] in N)(

bool_sum_eq([ x[i1,j1] | i1 in i-1..i+1,
j1 in j-1..j+1 where abs(i1-i) + abs(j1-j) == 1

/\ i1 in H /\ j1 in W ], b[i,j]));
constraint forall(i in H, j in W where b[i,j] == E)(
exists(j1 in W where visible(i,j,i,j1))(x[i,j1]) \/
exists(i1 in H where visible(i,j,i1,j))(x[i1,j]));

constraint forall(i1,i2 in H, j1,j2 in W where
(i1 != i2 \/ j1 != j2) /\ b[i1,j1] == E
/\ b[i2,j2] == E /\ visible(i1,j1,i2,j2))
(not x[i1,j1] \/ not x[i2,j2]);

solve satisfy;

LPL output model is as follows
model output;

Write{i}('%2s \n',{j} if(b<>E,b&'',x=1,'L','.'));
Draw.Scale(40,40);
Draw.DefFont('verdana',18,1,1,1);
−−{ i , j } Draw . Rec t ( i f ( b=E or b=F , ' ' , ' ' & b ) , j , i , 1 , 1 , i f ( b = −1 ,1 ,0) , 0 ) ;
{i,j} Draw.Rect(if(b=E or b=F,'',''&b),j,i,1,1,if(b=-1,6,0),0);
{i,j|x} Draw.Circle(j+.5,i+.5,0.4,1,0);

end

The output model generates the Figure 4
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Figure 4: Solution of the Lightup Puzzle

output [ if b[i,j] != E then show(b[i,j])
else if fix(x[i,j]) then "L" else "." endif
endif ++ if j == w then "\n" else " " endif
| i in H, j in W];

MiniZinc data file (download lightup1.dzn)
h = 7;
w = 7;
b = [| -1,-1,-1,-1, 0,-1,-1

| -1,-1,-1,-1,-1,-1,-1
| 0,-1,-1, 3,-1,-1,-1
| -1,-1, 2,-1, 4,-1,-1
| -1,-1,-1, 5,-1,-1, 1
| -1,-1,-1,-1,-1,-1,-1
| 1,-1, 2,-1,-1,-1,-1 |];

2.6 AIMMS
AIMMS is a modeling software that features a mixture of declarative and imperative program-
ming styles. Optimization models can be formulated in the style of algebraic modeling lan-
guages, with sets and indices, as well as multidimensional parameters, variables and constraints.
Units of measurement are natively supported in the language. AIMMS has a interface to many
linear and non-linear solvers and is designed for large-scale optimization and scheduling-type
problems. The syntax is very verbose and each element consists of a number of attributes, it is
like an entry in a database table with the attributes as fields.
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2.6.1 A Non-transitive Relation (dice)

Problem: In the dice problem a set of three dice has to be designed by assigning an integer
number to each face such that on average dice 1 beats dice 2, dice 2 beats dice 3 and dice 3 beats
dice 1. The goal is to maximize the number of total wins on average. The dice problem has
many solutions. The problem is from Robert A Bosch, Monochromatic Squares, Optima, MP
Society Newsletter, Vol 71, March 2004, page 6-7. A related problem is also implemented in
monochrom.
Modeling Steps: Let 𝑓, 𝑓𝑝 ∈ 𝐹𝑎𝑐𝑒𝑠 = {1,… , 6} be the faces on a dices and let 𝑑 ∈ 𝐷𝑖𝑐𝑒𝑠 =
{1,… , 3} be the set of dices. The lowest face value is 𝑓𝑙𝑜 = 1, and the highest is 𝑓𝑢𝑝 =
|𝐷𝑖𝑐𝑒| ⋅ |𝐹𝑎𝑐𝑒𝑠|. The variable 𝑂𝑏𝑗 is the number of wins.
𝑦𝑖,𝑓 ,𝑓𝑝 is defined as follows: if face 𝑓 of dice 𝑖 wins (value 1) or loses (value 0) against face 𝑓𝑝
of dice 𝑖 + 1 (circular).

1. Count the wins of all dices:
∑

𝑓,𝑓𝑝
𝑦𝑖,𝑓 ,𝑓𝑝 = 𝑂𝑏𝑗

2. The second constraint is the definition of 𝑦𝑖,𝑓 ,𝑓𝑝, that is, face 𝑓 of dice 𝑖 wins (value 1) or
loses (value 0) against face 𝑓𝑝 of dice 𝑖 + 1:

𝑥𝑖,𝑓 + (𝑓𝑢𝑝 − 𝑓𝑙𝑜)(1 − 𝑦𝑖,𝑓 ,𝑓𝑝) ≥ 𝑥𝑖𝑓 (𝑖<|𝐷𝑖𝑐𝑒𝑠|,𝑖+1,1),𝑓𝑝 + 1
forall 𝑖 ∈ 𝐷𝑖𝑐𝑒𝑠, 𝑓 , 𝑓𝑝 ∈ 𝐹𝑎𝑐𝑒𝑠

3. All faces on a dice must have different numbers:
𝑥[𝑖, 𝑓 − 1] + 1 <= 𝑥[𝑖, 𝑓 ] forall 𝑖 ∈ 𝐷𝑖𝑐𝑒𝑠, 𝑓 ∈ 𝐹𝑎𝑐𝑒𝑠 − {𝑓𝑎𝑐𝑒1}

4. We want to maximize the number of wins:
max

∑

𝑓,𝑓𝑝
𝑦𝑖,𝑓 ,𝑓𝑝

LPL code (run dice)
model dice "A non− t r a n s i t i v e r e l a t i o n ";

set
Faces,f,fp:=[1..6] " Faces on a d i c e ";
Dices,i := [1..3] " Number o f d i c e s ";

parameter
flo := 1 " Lowest f a c e v a l u e ";
fup := #i*#f " H i g h e s t f a c e v a l u e ";

variable
Obj " Number o f wins ";
x{i,f} [flo..fup] " Face v a l u e o f d i c e ";
binary y{i,f,fp} " =1 , i f f b e a t s fp ( MatchOutcome ) ";

constraint
Wins{i}: sum{f,fp} y[i,f,fp] = Obj " Count t h e wins ";
Fval{i,f,fp}: x[i,f] + (fup-flo)*(1-y[i,f,fp])
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>= x[if(i<#i,i+1,1),fp] + 1 " non− t r a n s . r e l a t i o n ";
Fa{i,f|f>1}: x[i,f-1]+1 <= x[i,f] " d i f f f a c e v a l u e s ";
Fix: x['dice1','face1'] = flo " f i x one v a l u e ";

maximize N: Obj;
end

AIMMS code (download dice.ams)
Model Dice_Model {

Comment: {
"Finding multiple solutions ..."

}
DeclarationSection Declaration_Model {

Set Faces {
Text: "Faces on a dice";
Index: f, fp;
InitialData: data { face1 .. face6 };

}
Set Dice {

Index: i;
InitialData: data { dice1 .. dice3 };

}
Parameter LowestFaceValue {

Text: "Lowest face value";
InitialData: 1;

}
Parameter HighestFaceValue {

Text: "Highest face value";
}
Variable Obj {

Comment: "Number of wins.";
}
Variable FaceValue {

IndexDomain: (i,f);
Range: binary;
Comment: "Face value of dice.";

}
Variable MatchOutcome {

IndexDomain: (i,f,fp);
Range: binary;
Comment: {

"Binary variable indicating ..."
}

}

... continuing AIMMS code ...

Constraint WinsConstraint {
IndexDomain: i;
Definition: Obj = sum( (f,fp), MatchOutcome(i,f,fp) );
Comment: "Count the wins of all dice.";

}
Constraint MatchOutcomeConstraint {

IndexDomain: (i,f,fp);
Definition: FaceValue(i,f) + (HighestFaceValue-

LowestFaceValue)*(1-MatchOutcome(i,f,fp)) >= FaceValue(
i++1,fp) + 1;

Comment: {
"Constraint that determines ..."
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}
}
Constraint FaceValuesConstraint {

IndexDomain: (i,f) | (f-1) in faces;
Definition: FaceValue(i,f-1) + 1 <= FaceValue(i,f);
Comment: "Constraint to enforce ...";

}
MathematicalProgram DiceMP {

Objective: Obj;
Direction: maximize;
Constraints: AllConstraints;
Variables: AllVariables;
Type: MIP;

}
}
Procedure MainInitialization {

Body: {
HighestFaceValue := card(Dice) * card(faces);

FaceValue.lower(i,f) := LowestFaceValue;
FaceValue.upper(i,f) := HighestFaceValue;

FaceValue.lower('dice1','face1') := LowestFaceValue;
FaceValue.upper('dice1','face1') := LowestFaceValue;
FaceValue.level('dice1','face1') := LowestFaceValue;

SolutionMethod := 'normal';
}

}
Procedure MainExecution {

Body: {
empty Objs, FaceValues;

! Optimal objective value: 21.
solve DiceMP;

Objs(1) := Obj;
FaceValues(i,f,1) := FaceValue(i,f);

}
Comment: {

"Normal solve; returns one solution."
}

}
Procedure MainTermination {

Body: {
return 1;

}
}

}

2.7 MOSEL
Mosel Language can be thought of as both a modeling language and a programming language.
Like other modeling languages it offers the required facilities to declare and manipulate prob-
lems, decision variables, constraints and various data types and structures like sets and arrays.
On the other hand, it also provides a complete set of functionalities proper to programming lan-
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guages: it is compiled and optimized, all usual control flow constructs are supported and can
be extended by means of modules. Although a general modeling system, it is closely interfaced
with its own XPress optimizer. A link to a separate constraint programming solver Kalis is
offered too. Many modeling examples in Mosel are available from the Fico Site.
I use a small production planning model to illustrate the syntax of Mosel.

2.7.1 A Tiny Planning Model (tiny-initial)

Problem: Pochet/Wolsey [10] introduce the production planning models by a tiny example: A
manufacturer plans to produce a high-tech bicycle. In each month at most one batch is produced
in order to satisfy the demand. Sales forecast for the product is given. What should the batch
sizes be in each month in order to satisfy the demand and to minimize costs? More information
is given in model tiny.
Modeling Steps: We introduce a set 𝑡 ∈ 𝑇 = {1,… , 8} to specify the planning horizon. Let
𝑞 = 5000 be the set-up cost of a batch, 𝑝 = 100 the production cost of a unit, 𝑠0 = 200 the initial
stock, and ℎ = 5 the storage cost of a unit in stock per month. The demand in each months
is given as 𝑑𝑡. We want to know the quantities 𝑥𝑡 ≥ 0 of bicycles produced in each month.
Furthermore, we want to know the quantity in stock at the end of each month (𝑠𝑡 ≥ 0). The
quantity in stock at the end should be zero, hence 𝑠8 = 0. Finally, a binary variable 𝑦𝑡 is needed
to specify whether a batch must be opened (= 1) in month 𝑡 or not (= 0). The model then is as
follows:

min
∑

𝑡
𝑝𝑥𝑡 +

∑

𝑡
ℎ𝑠𝑡 +

∑

𝑡
𝑞𝑦𝑡

𝑠.𝑡. 𝑠𝑡−1 + 𝑥𝑡 = 𝑑𝑡 + 𝑠𝑡 forall 𝑡 ∈ 𝑇
𝑥𝑡 ≤ 𝑀𝑦𝑡 forall 𝑡 ∈ 𝑇
𝑠0 = 𝑠0, 𝑠

|𝑇 | = 0
𝑥𝑡 ≥ 0, 𝑠𝑡 ≥ 0, 𝑦𝑡 ∈ {0, 1} 𝑆𝑢𝑐ℎ𝑡 ∈ 𝑇

Costs are to be minimized. They are composed by production costs the storage costs, and the set-
up costs. The first constraint defines the balance from period to period: stock at the beginning
of 𝑡 plus production equal demand plus stock at the end of 𝑡. The second constraint defines the
connection beween production and batch opening: if no batch is opened (𝑦𝑡 = 0), then no bike
is produced (𝑥𝑡 = 0).
LPL code (run tiny-initial)

model tiny "A Tiny P l a n n i n g Model ";
set t,k " Range o f t ime ";
parameter q " Se tup c o s t ";
p " P r i c e p e r u n i t ";
s0 " I n i t a l I n v e n t o r y ";
h " Un i t s t o r a g e c o s t ";
d{t} " Demand ";

variable x{t} " P r o d u c t i o n ";
s{t} " S t o r a g e ";

binary variable y{t} " =1 , b a t c h opened i n t ";
constraint
dem_sat{t}: if(t=1,s0,s[t-1]) + x[t] = d[t] + s[t];
vub{t}: x[t] <= (sum{k} d[k])*y[t];
endStock: s[#t]=0;

minimize cost:
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sum{t} (p*x[t]+q*y[t]+if(t<#t,h,h/2)*s[t]);

model data;
q:=5000; p:=100; s0:=200; h:=5;
d{t} := /Jan 400 Feb 400 Mar 800 Apr 800

May 1200 Jun 1200 Jul 1200 Aug 1200/;
end

model output;
Write(' %7s \nDemand %7d \nProduc %7d\
\nInvent %7d \n\n P cost %7d \nI cost %7d\
\nSet-up %7d \n\n Total costs: %7d',
{t}t, {t}d, {t}x, {t}s, {t}p*x, {t}h*s, {t}q*y,cost);

end
end

MOSEL code (download tiny-initial.mos)
model tiny ! S t a r t a new model
uses "mmxprs","mmsystem" ! Load t h e o p t i m i z e r l i b r a r y
options noimplicit

declarations
EPS=1e-6 ! Zero t o l e r a n c e
T=8 ! Number o f t ime p e r i o d s
RT=1..T ! Range of t ime
DEMAND: array(RT) of integer ! Demand p e r p e r i o d
SETUPCOST: integer ! Se tup c o s t p e r p e r i o d
PRODCOST: integer ! P r o d u c t i o n c o s t p e r p e r i o d
INVCOST: integer ! P r o d u c t i o n c o s t p e r p e r i o d
STOCKINI: integer ! P r o d u c t i o n c o s t p e r p e r i o d
D: array(RT,RT) of integer ! Demand p e r p e r i o d
s: array(RT) of mpvar ! I n v e n t o r y i n p e r i o d t
x: array(RT) of mpvar ! P r o d u c t i o n i n p e r i o d t
y: array(RT) of mpvar ! Se tup i n p e r i o d t
balance: array(RT) of linctr
production: array(RT) of linctr
mincost : linctr
vi1: array(RT) of linctr

end-declarations

DEMAND:= [400,400,800,800,1200,1200,1200,1200]

...continuing MOSEL code ...
SETUPCOST:= 5000
PRODCOST:= 100
INVCOST:= 5
STOCKINI:= 200

forall(r in RT, t in RT) do
if (r <= t) then

D(r,t):= sum(k in r..t) DEMAND(k)
else

D(r,t) := 0

33

https://matmod.ch/getfile.php?file=tiny-initial.mos


end-if
end-do

! O b j e c t i v e : min imize t o t a l c o s t
mincost:=

sum(t in RT ) (if(t<T,INVCOST,INVCOST/2))*s(t) +
sum(t in RT) (SETUPCOST*y(t) + PRODCOST*x(t))

forall(t in RT) production(t):= x(t) <= D(t,T)*y(t)

forall(t in RT) balance(t):=
if (t=1,STOCKINI,s(t-1))+x(t) = DEMAND(t) + s(t)

forall(t in RT) y(t) is_binary ! Vars s e t u p a r e 0 / 1
setparam("XPRS_VERBOSE", 1) !
setparam("XPRS_MIPLOG", 3) !
setparam("XPRS_PRESOLVE", 1) ! D i s a b l e PRESOLVE
setparam("XPRS_CUTSTRATEGY", 0) ! D i s a b l e autom . c u t s
minimize(mincost)
! min imize ( XPRS_LIN , m i n c o s t )
writeln
forall(t in RT)
writeln("Period ", t,": prod ", getsol(x(t))," (demand: ", DEMAND(t),

", unit cost: ", PRODCOST, "), setup ", getsol(y(t)),
" (cost: ", SETUPCOST, ", stock: ", getsol(s(t)), ")")

end-model

2.8 OPL
Optimization Programming Language (OPL) is an algebraic modeling language for mathemati-
cal optimization models, which makes the coding easier and shorter than with a general-purpose
programming language. It is part of the CPLEX software package and therefore tailored for the
IBM ILOG CPLEX and IBM ILOG CPLEX CP (constraint programming) optimizers. The sep-
arate IBM ILOG Script for OPL is an embedded JavaScript implementation that provides the
“non-modeling” expressiveness of OPL.
To display some aspects of the OPL language, a multi-commodity transportation is used.

2.8.1 Multi-commodity Transportation (transp3)

Problem: This is a simple multi-commodity transprortation problem: various products have
to be transported from a supply location to different demand center. Unit transportation cost,
supply quantity, transport capacity, and demand are given. How much of a product must be
transported from a supply location to a demand location at minimial costs?
Modeling Steps: Given a set of locations 𝑖, 𝑗 ∈ 𝐼 and a set of products 𝑝 ∈ 𝑃 . All given
routings and the cost are given as 𝑅𝑝,𝑖,𝑗 and 𝑐𝑝,𝑖,𝑗 , that is, if a product 𝑝 is transported from 𝑖 ti 𝑗
then 𝑟𝑜𝑢𝑡𝑒𝑝,𝑖,𝑗 is true otherwise false. Supply quantity from location 𝑖 and demand quantity to 𝑗
of a product 𝑝 are given in 𝑠𝑝,𝑖 and 𝑑𝑝,𝑗 . From the route the supply locations and the destination
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location can be derived: 𝑂𝑟𝑖𝑔𝑖 and 𝐷𝑒𝑠𝑡𝑗 , that is: if 𝑖 is a supply location then 𝑂𝑟𝑖𝑔𝑖 is true
(otherwise false). In the same way all the feasible connections 𝐶𝑂𝑖,𝑗 can be derived from route.
The variable is the quantity to be transported of a product 𝑝 from 𝑖 to 𝑗: 𝑇 𝑟𝑎𝑛𝑠𝑝,𝑖,𝑗 . The whole
model is as follows:

min
∑

(𝑝,𝑖,𝑗)∈𝑅
𝑐𝑝,𝑖,𝑗 ⋅ 𝑇 𝑟𝑎𝑛𝑠𝑝,𝑖,𝑗

subject to ∑

𝑗∈𝑅
𝑇 𝑟𝑎𝑛𝑠𝑝,𝑖,𝑗 = 𝑠𝑝,𝑖 forall 𝑝 ∈ 𝑃 , 𝑖 ∈ 𝑂𝑟𝑖𝑔

∑

𝑖∈𝑅
𝑇 𝑟𝑎𝑛𝑠𝑝,𝑖,𝑗 = 𝑑𝑝,𝑗 forall 𝑝 ∈ 𝑃 , 𝑗 ∈ 𝐷𝑒𝑠𝑡

∑

𝑝∈𝑅
𝑇 𝑟𝑎𝑛𝑠𝑝,𝑖,𝑗 ≤ 𝐶𝑎𝑝𝑎𝑐𝑖𝑡𝑦 forall (𝑖, 𝑗) ∈ 𝐶𝑂

𝑇 𝑟𝑎𝑛𝑠𝑝,𝑖,𝑗 ≥ 0 forall (𝑝, 𝑖, 𝑗) ∈ 𝑅

Further Comments: OPL uses the ellipsis ... to specify the missing data in an otherwise struc-
tural model code. They are given in an separate data file. The concept of tuple is used to related
data, like the concept of “record” or “struct” in programming languages. This is definitely a
concept that is missing in the LPL language. Due to this feature it is also possible to create
compound (sparse) sets. However, I find LPL’s compound sets syntax more straightforward and
shorter.
LPL model code (run transp3)

model transp3 " Mul t i −commodity T r a n s p o r t a t i o n ";
set i,j,Cities;
set p,Products;
parameter Capacity;
set connection{i,j};
set route{p,i,j};
parameter Supply{p,i};
parameter Demand{p,j};
parameter Cost{p,i,j};
set Orig{i}; Dest{j};
variable Trans{p,i,j|route};
minimize obj:sum{route[p,i,j]} Cost*Trans;
constraint ctSupply{p,Orig[i]}:
sum{j in route} Trans = Supply;

constraint ctDemand{p,Dest[j]}:
sum{i in route} Trans = Demand;

constraint ctCapacity{connection[i,j]}:
sum{p in route} Trans <= Capacity;

end

LPL data model : (The data itself is in file transp3.txt)
model data;

Read('transp3.txt,%1:Cities',{i} i);
Read('%1:Products',{p} p);
Read('%1:Capacity', Capacity);
Read{p,i,j}('%1:Routes:Supply',p,i,j,route,Cost);
Read{p,i}('%1:Supply:Demand',p,i,Supply);
Read{p,j}('%1:Demand:Cost',p,j,Demand);
connection{i,j}:=exist{p} route;
Orig{i}:=exist{j} connection;
Dest{j}:=exist{i} connection;
{p} if(sum{Orig[i]} Supply <> sum{Dest[j]}
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Demand , Write('Inconsistent\n'));
end;

OPL code (download transp3.mod)
{string} Cities =...;
{string} Products = ...;
float Capacity = ...;
tuple connection { string o; string d; }
tuple route {

string p;
connection e;

}
{route} Routes = ...;
{connection} Connections = { c | <p,c> in Routes };
tuple supply {

string p;
string o;

}
{supply} Supplies = { <p,c.o> | <p,c> in Routes };
float Supply[Supplies] = ...;
tuple customer {

string p;
string d;

}
{customer} Customers = {<p,c.d> | <p,c> in Routes};
float Demand[Customers] = ...;
float Cost[Routes] = ...;
{string} Orig[p in Products] = { c.o | <p,c> in Routes };
{string} Dest[p in Products] = { c.d | <p,c> in Routes };

{connection} CPs[p in Products] = { c | <p,c> in Routes };
assert forall(p in Products)

sum(o in Orig[p]) Supply[<p,o>] == sum(d in Dest[p]) Demand[<p,d>];

dvar float+ Trans[Routes];

constraint ctSupply[Products][Cities];
constraint ctDemand[Products][Cities];

minimize
sum(l in Routes) Cost[l] * Trans[l];

subject to {
forall( p in Products , o in Orig[p] )
ctSupply[p][o]:

sum( <o,d> in CPs[p] )
Trans[< p,<o,d> >] == Supply[<p,o>];

forall( p in Products , d in Dest[p] )
ctDemand[p][d]:

sum( <o,d> in CPs[p] )
Trans[< p,<o,d> >] == Demand[<p,d>];

forall(c in Connections)
ctCapacity:

sum( <p,c> in Routes )
Trans[<p,c>] <= Capacity;

}
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2.9 MATLAB
MATLAB is a programming platform designed specifically for engineers and scientists to an-
alyze and design systems and products. The heart of MATLAB is the MATLAB language, a
matrix-based multi-paradigm programming language and a numeric computing environment al-
lowing the most natural expression of computational mathematics. MATLAB is one the most
widespread mathematical system. Although MATLAB is intended primarily for numeric com-
puting, a toolbox uses the MuPAD symbolic engine, another package, Simulink, adds graphical
multi-domain simulation and model-based design for dynamic and embedded systems. Another
modeling approach to optimization with MATLB is the TOMLAB Optimization Environment.
A free alternative of MATLAB is Octave.
A small blending problem is given to show the optimization approach with MATLAB. Two
implementations of the model are given to illustrate various aspects of the system.

2.9.1 Steel Blending (mixing)

Problem: The problem is “to blend steels with various chemical compositions to obtain 25
tons of steel with a specific chemical composition. The result should have 5% carbon and 5%
molybdenum by weight. The objective is to minimize the cost for blending the steel”. The
problem is from MatLab Doc.
Modeling Steps: A set 𝑖 ∈ 𝐼 of different ingots of steel are available for purchase. Only one
of each ingot type is available. Their weight is 𝑤𝑖, the carbon and molybdenum contents in
percentage is given by 𝑟𝑖 and 𝑚𝑖, and the cost per ton is 𝑐𝑖.Furthermore, a set 𝑗 ∈ 𝐽 of grades of alloy steel and one grade of scrap steel are available
for purchase. Alloy and scrap steels can be purchased in fractional amounts. the carbon and
molybdenum contents in percentage of each alloy is given by 𝑟𝑎𝑖 and 𝑚𝑎𝑖, and the cost per ton
is 𝑐𝑎𝑖. The scrap content of the carbon and molybdenum in percentage is 𝑟𝑠 and 𝑚𝑠 and its cost
per ton is 𝑐𝑠.
Let 𝐼𝑖 be the number of ingots, 𝐴𝑗 the fractional weight of each alloy, and 𝑆 the weight of scrap.
So, how many ingots and how much alloy and scrap must be used to produce𝑊 tons of steel with
a 𝑝% of carbon and molybdenum while minimizing the total costs. The model can be formulated
as follows:

min
∑

𝑖
𝑐𝑖𝐼𝑖 +

∑

𝑗
𝑐𝑎𝑗𝐴𝑗 + 𝑐𝑠 ⋅ 𝑆

subject to ∑

𝑖
𝑤𝑖𝐼𝑖 +

∑

𝑗
𝐴𝑗 + 𝑆 = 𝑊

∑

𝑖
𝑤𝑖𝑟𝑖𝐼𝑖 +

∑

𝑗
𝑟𝑎𝑗𝐴𝑗 + 𝑟𝑠 ⋅ 𝑆 = 𝑝𝑊

∑

𝑖
𝑚𝑖𝐼𝑖 +

∑

𝑗
𝑚𝑎𝑗𝐴𝑗 + 𝑚𝑠 ⋅ 𝑆 = 𝑝𝑊

𝐼𝑖 ∈ [0, 1], 𝐴𝑗 ≥ 0, 𝑆 ≥ 0, forall 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽

Further Comments: In the first formulation, the MatLab formulation is copied one-to-one to
LPL. MatLab is matrix-base. Indices are not needed. In LPL, passive indices can be omitted
if the context allows it. MatLab does not make a distiction between parameters and expression,
like LPL does. MatLab uses a package optimproblem to specify the problem.
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The second formulation of both modeling languages is closer to their “style”. In MatLab, a single
function intlinprog defines a complete integer linear model, The parameters are prepared
in advance as data matrices. In LPL, the model consists of the common strucure: set, parameter,
variable, constraint and objective function.
LPL code (first formulation) (run mixing)

model mixing " S t e e l B l e n d i n g ";
set i,Ingot := [1..4];
set j, Alloy := [1..3];
variable alloys{j}; scrap;
binary ingots{i};
parameter weightIngots{i}:=[5,3,4,6];
uCostIngots{i}:=[350,330,310,280];
costIngots{i}:=weightIngots*uCostIngots;
costAlloys{j}:=[500,450,400];
costScrap:=100;

expression cost: sum{i} costIngots*ingots + sum{j} costAlloys*alloys
+ costScrap*scrap;

expression totalWeight: sum{i} weightIngots*ingots + sum{j} alloys +
scrap;

parameter carbonIngots{i} := [5,4,5,3];
carbonAlloys{j} := [8,7,6];
carbonScrap := 3;

expression totalCarbon: sum{i}weightIngots*carbonIngots/100*ingots +
sum{j}carbonAlloys/100*alloys + carbonScrap/100*scrap;

parameter molybIngots{i}:= [3,3,4,4];
molybAlloys{j} := [6,7,8];
molybScrap := 9;

expression totalMolyb: sum{i}weightIngots*molybIngots/100*ingots +
sum{j}molybAlloys/100*alloys + molybScrap/100*scrap;

constraint conswt: totalWeight = 25;
conscarb: totalCarbon = 1.25;
consmolyb: totalMolyb = 1.25;

minimize C: cost;
Writep(ingots,alloys,scrap,cost);

end

MatLab code (first formulation) (download mixing.m)
prob = optimproblem;
ingots = optimvar('ingots',4,'Type','integer','LowerBound',0,'

UpperBound',1);
alloys = optimvar('alloys',3,'LowerBound',0);
scrap = optimvar('scrap','LowerBound',0);
weightIngots = [5,3,4,6];
costIngots = weightIngots.*[350,330,310,280];
costAlloys = [500,450,400];
costScrap = 100;
cost = costIngots*ingots + costAlloys*alloys + costScrap*scrap;

prob.Objective = cost;
totalWeight = weightIngots*ingots + sum(alloys) + scrap;
carbonIngots = [5,4,5,3]/100;
carbonAlloys = [8,7,6]/100;
carbonScrap = 3/100;
totalCarbon = (weightIngots.*carbonIngots)*ingots + carbonAlloys*alloys

+ carbonScrap*scrap;
molybIngots = [3,3,4,4]/100;
molybAlloys = [6,7,8]/100;
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molybScrap = 9/100;
totalMolyb = (weightIngots.*molybIngots)*ingots + molybAlloys*alloys +

molybScrap*scrap;

prob.Constraints.conswt = totalWeight == 25;
prob.Constraints.conscarb = totalCarbon == 1.25;
prob.Constraints.consmolyb = totalMolyb == 1.25;
[sol,fval] = solve(prob);

sol.ingots
sol.alloys
sol.scrap
fval

LPL code (second formulation) (run mixing1)
model mixing " S t e e l B l e n d i n g I ";

set i,Ingot := [1..4];
j, Alloy := [1,2,3,scrap];

parameter weightIngots{i}:=[5,3,4,6];
uCostIngots{i}:=[350,330,310,280];
costAlloys{j}:=[500,450,400,100];
carbonIngots{i} := [5,4,5,3];
carbonAlloys{j} := [8,7,6,3];
molybIngots{i}:= [3,3,4,4];
molybAlloys{j} := [6,7,8,9];

variable A{j}; binary I{i};
constraint conswt:

sum{i} weightIngots*I + sum{j} A = 25;
conscarb: sum{i}weightIngots*carbonIngots/100*I + sum{j}

carbonAlloys/100*A = 1.25;
consmolyb: sum{i}weightIngots*molybIngots/100*I + sum{j}

molybAlloys/100*A = 1.25;
minimize cost: sum{i} weightIngots*uCostIngots*I + sum{j} costAlloys*

A;
Writep(I,A,cost);

end

MatLab code (second formulation) (download mixing1.m)
f = [350*5,330*3,310*4,280*6,500,450,400,100];
intcon = 1:4;

A = [];
b = [];

Aeq = [5,3,4,6,1,1,1,1;
5*0.05,3*0.04,4*0.05,6*0.03,0.08,0.07,0.06,0.03;
5*0.03,3*0.03,4*0.04,6*0.04,0.06,0.07,0.08,0.09];

beq = [25;1.25;1.25];

lb = zeros(8,1);
ub = ones(8,1);
ub(5:end) = Inf; % No upper bound on n o n i n t e g e r v a r i a b l e s
[x,fval] = intlinprog(f,intcon,A,b,Aeq,beq,lb,ub);

x,fval % p r i n t t h e s o l u t i o n
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2.10 Other Modeling Language Tools
I hope that I presented briefly the most important (optimization) modeling systems. Many other
systems and tools exist.

• The modeling language Zimpl together with SCIP is bundled in the SCIP Optimization
Suite. Academic licence is free.

• MPL is another algebraic modeling language that exists since a longtime.
• The APMonitor language is explained below together with Python package interface Gekko.
• The Wolfram Language of Mathematica integrates a full range of state-of-the-art local and

global optimization techniques. The integrated programming language has a functional
flavor.

• Maple is another all-in-one mathematical software. Its language is closer to a procedu-
ral language similar to C. It also contains a global optimization toolbox. Both Maple
and Mathematica have an interactive documentation tool to write “executable” formatted
mathematical documents.

3 Programming Languages
Python seems to be a very popular programming language for implementing optimization mod-
els at the present time. There exists many packages that facilitate the formulation of problems
and the interface to solvers. Python is free and can be implemented from download python.
Another Python distribution with many packages already installed is Anaconda. It is especially
interesting when using Jupyter Notebook (see below). With the packages NumPy, Panda, SciPy,
etc. Python is an ideal tool for scientific computation and data management. To solve models
with the various packages – explained there after, the user need also install several solvers using
the pip command (or the conda command for anaconda). A first impression comparing three
Python packages is given in the article Compares Python interface Pulp-Gurobi-Cplex.
For the purpose of this paper the free solver glpk (linear models), ipopt (non-linear models)
and the commercial solver cplex and gurobi are used. Note that a licence is needed for the
commercial solvers and separate installation of the solvers is needed too. To install the packages,
which installs an interface to the solvers, one need the type on the command line (or the Python
command line) :

pip install glpk
pip install ipopt
pip install cplex
pip install gurobipy

3.1 Gurobipy (Python – commercial)
Gurobipy is the modeling tool distributed by Gurobi together with and uniquely for the Gurobi
solver. Documentation can be found at Gurobi Python Quickstart, gurobipy API, and Python
Models.
The package gurobipy specifies a model using the Python object structure. A model is initiated
by the function Model(). Using the functions addVars, addConstrs, and setObjective an model
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can be specified. The concept of sets and multi-dimensional data are provided by the Python’s
own data structures of lists, tuples, and dictionaries. We use 3 models to illustrate the syntax: a
small linear netflow model to show the basic syntax, a tic-tac-toe model to show integer models
and indicator variables, and a regression model to display the recent vectorized notation.

3.1.1 Multi-commodity Flow (netflow)

Problem: Two products (’Pencils’ and ’Pens’) are to be transported from the factories in (’De-
troit’ and ’Denver’) to the warehouses in (’Boston’, ’New York’, and ’Seattle’) to satisfy the
demand (’inflow[h,i]’). The flows on the transportation network must respect arc capacity con-
straints (’capacity[i,j]’). The objective is to minimize the sum of the arc transportation costs
(’cost[i,j]’). The Python version is from the Gurobi examples.
Modeling Steps: The mathematical model is as follows: Let ℎ ∈ 𝐻 be the set of commodities,
𝑖, 𝑗 ∈ 𝐼 the set of locations (factories and warehouses). Let (𝑖, 𝑗) ∈ 𝐴 be the arcs in the networks.
The costs are 𝑐𝑖,𝑗 , the demand is 𝑑ℎ,𝑖,𝑗 , and the arc capacity is 𝐶𝑖,𝑗 . Furthermore, the unknown
flow on an arc is 𝑓𝑖,𝑗 , then the model is:

min
∑

ℎ,(𝑖,𝑗)∈𝐴𝑖,𝑗

𝑐𝑖,𝑗𝑓ℎ,𝑖,𝑗

∑

𝑖∈𝐴𝑖,𝑗

𝑓ℎ,𝑖,𝑗 + 𝑑ℎ,𝑖,𝑗 =
∑

𝑖∈𝐴𝑗,𝑖

𝑓ℎ,𝑗,𝑖 forall ℎ ∈ 𝐻, 𝑗 ∈ 𝐼

0 ≤ 𝑓ℎ,𝑖,𝑗 ≤ 𝐶𝑖,𝑗 forall ℎ ∈ 𝐻, (𝑖, 𝑗) ∈ 𝐴𝑖,𝑗

The formulation in LPL is straightforward. Note that the flow condition exploits the sparcity of
the network. This is not trivial, but necessary for larger problems.
This code is compared to the Python formulation using Gurobi package. Note that the Gurobi
package also contains a quicksum function for faster summation then the ordinary Python sum
operator.
LPL code (run netflow)

model netflow " Mul t i −commodity Flow ";
set h,commodities := ['Pencils', 'Pens'];
i,j,nodes:=['Detroit', 'Denver',

'Boston', 'New York', 'Seattle'];
parameter arcs,capacity{i,j} := [ ... ];
cost{h,i,j} := [ ... ];
inflow{h,j} := [ ... ];

variable flow{h,i,j} [0..capacity];
constraint A{h,j}: sum{i in arcs[i,j]} flow[h,i,j] + inflow[h,j]

= sum{i in arcs[j,i]} flow[h,j,i];
minimize Cost: sum{h,arcs} cost*flow;

if GetSolverStatus()=7 then
Write('Optimal objective %d\n', Cost);
{h} (Write('\nOptimal flows for %s:' , h),

Write{arcs[i,j]}('\n %s -> %s: %d', i,j, flow));
end

end

Python/gurobipy code (download netflow.py)
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import gurobipy as gp
from gurobipy import GRB
commodities = ['Pencils', 'Pens']
nodes = ['Detroit', 'Denver',

'Boston', 'New York', 'Seattle']
arcs, capacity = gp.multidict({...})
cost = {...}
inflow = {...}

m = gp.Model('netflow')
flow = m.addVars(commodities, arcs, obj=cost, name="flow")
m.addConstrs(

(flow.sum('*', i, j) <= capacity[i, j] for i, j in arcs), "cap")
m.addConstrs(

(flow.sum(h, '*', j) + inflow[h, j] == flow.sum(h, j, '*')
for h in commodities for j in nodes), "node")

m.optimize()

if m.Status == GRB.OPTIMAL:
solution = m.getAttr('X', flow)
for h in commodities:

print('\nOptimal flows for %s:' % h)
for i, j in arcs:

if solution[h, i, j] > 0:
print('%s -> %s: %g' % (i, j, solution[h, i, j]))

3.1.2 3d Tic-Tac-Toe (3d-tic-tac-toe)

Problem: This model is the same as model 2d-tic-tac-toe, except for the dimension: it models
a 3-dimensional tik-tak-toe problem.
The question here is the same as for the 2D-tik-tak-toe game: Is it possible to occupy all 27 fields
without any row, column or diagonal of only X’s or O’s? (If this were not the case, then we have
proven that the game cannot end in a tie.) Interestingly we can prove here that the 3 × 3 × 3
tik-tak-toe cannot end in a tie (there must be one winner). This model is also interesting for
learning some trick in MIP and logical modeling and some indexing structures.
Modeling Steps: The formulation is generalized for and 3d 𝑛 × 𝑛 × 𝑛 tik-tak-toe game. For the
“classical” game the size is 𝑛 = 3. The set of grid points (or fields) is then 𝑐 ∈ 𝐶 = {1,… , 𝑛3}.
The set if possible lines is 𝑝 ∈ 𝑃 = {1,… , 3𝑛2 + 6𝑛 + 4} (𝑛2 lines in each of 3 dimensions, 6𝑛
2-d diagonals and 4 inner diagonals)).

Let’s identify the grid points by a horizontal and vertical position (𝑖, 𝑗, 𝑘) with 𝑖, 𝑗, 𝑘 ∈
{0,… , 𝑛 − 1}. Hence, the leftmost bottom fields is (0, 0, 0), and the rightmost top field is
(𝑛 − 1, 𝑛 − 1, 𝑛 − 1). In the model, we also use an integer for identify a grid point: the point
(𝑖, 𝑗, 𝑘) corresponds to the integer 𝑛2 ⋅ 𝑖 + 𝑛 ⋅ 𝑗 + 𝑘 + 1.

Now it is possible to assign the 𝑛 points belonging to a line. This is done with the relation
𝐿𝑖𝑛𝑒𝑠𝑐,𝑝 (see code). For example, the first (horizontal) line consists of the 𝑛 points 1, 2,… , 𝑛.

Two binary variables are used: (1) For each grid point 𝑐 we want to know whether it contains
a X or a O (𝐷𝑐 = 1 if it contains a X). (2) A binary variable for each line 𝑝 is needed: 𝐺𝑝 = 1 if
the line 𝑝 contains only X or only O.

Since all fields (cell points) must be occupied by alternately placing a X and a O, half of all
points are occupied by a X (since the player with X begins, he can put 1 more than half). That
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is the number of all X on a board is ⌈𝑛2∕2⌉
∑

𝑐
𝐷𝑐 = ⌈𝑛2∕2⌉

The second constraint links the 𝐷𝑐 and the 𝐺𝑝 variables in a logical way: for each line 𝑝, if
it does not contain only X or only O then at least one point on the line must be a X and at least
must be a O. In other words, if 𝐺𝑝 = 0 then the sum of all 𝐷𝑐 on that line must be at least 1 and
at most 𝑛 − 1:

𝐺𝑝 → (1 ≤
∑

𝑐|𝐿𝑖𝑛𝑒𝑠𝑝,𝑐

𝐷𝑐 ≤ 𝑛 − 1) forall 𝑝 ∈ 𝑃

The objective is to minimize the number of 𝐺𝑝:
min

∑

𝑝
𝐺𝑝

The LPL formulation is a generalisation of the 3d problem. The Python implementation is
from Gurobi resources.
Solution: The objective is 4, which means that it is not possible to end the game in a tie. (Com-
pare this result with the result in the 2D-tik-tak-toe model in 2d-tic-tac-toe.)
Questions

1. Solve the problem also for 𝑛 = 4, then 𝑛 = 5. What is the result.

Answers

1. Only change the parameter 𝑛 to the corresponding value, then run. These games can end
in a tie!

Further Comments: The gurobipy uses the addGenConstrIndicator function to specify
indicator (binary) variables. LPL siply uses logical operators. Note, while in LPL the relation-
ship Lines is a general implementation for any dimension 𝑛, The python code only works for
𝑛 = 3. It uses the concept of list, while LPL uses multi-dimensional cubes to specify Lines.
Gurobipy only works with the solver Gurobi, while LPL can send its model ti any MIP solver.
LPL code (run 3d-tic-tac-toe)

model will17b " 3d Tic −Tac−Toe ";
parameter n:=[3] " s i z e o f t h e game ";

q:=0 " q c o u n t s t h e numbers o f l i n e s ";
set p := 1..3*n^2+6*n+4 " s e t o f l i n e s ";

c := 1..n^3 " s e t o f g r i d p o i n t s ";
Lines{p,c};
i,j,k:=0..n-1;
{i,j}(q:=q+1, {k}(Lines[q,n^2*i+n*j+k+1] := 1));
{i,k}(q:=q+1, {j}(Lines[q,n^2*i+n*j+k+1] := 1));
{j,k}(q:=q+1, {i}(Lines[q,n^2*i+n*j+k+1] := 1));
{i} (q:=q+1, {j}(Lines[q,n^2*i+n*j+j+1] := 1));
{i} (q:=q+1, {j}(Lines[q,n^2*i+n*j+n-1-j+1] := 1));
{j} (q:=q+1, {k}(Lines[q,n^2*k+n*j+k+1] := 1));
{j} (q:=q+1, {k}(Lines[q,n^2*k+n*j+n-1-k+1] := 1));
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{k} (q:=q+1, {i}(Lines[q,n^2*i+n*i+k+1] := 1));
{k} (q:=q+1, {i}(Lines[q,n^2*i+n*(n-1-i)+k+1] := 1));
q:=q+1,{i}(Lines[q,n^2*i+n*i+i+1] := 1);
q:=q+1,{i}(Lines[q,n^2*i+n*i+n-1-i+1] := 1);
q:=q+1,{i}(Lines[q,n^2*i+n*(n-1-i)+i+1] := 1);
q:=q+1,{i}(Lines[q,n^2*i+n*(n-1-i)+n-1-i+1 : 1);

binary variable
D{c}; G{p};

constraint
NoLine{p}: ~G -> (1 <= sum{c|Lines} D <= n-1);
Numb: sum{c} D = Ceil(#c/2);

minimize OBJ: sum{p} G;
Write(' %2d lines have the same color\n', OBJ);
Writep(D,G);
Write{p}('%3d %3d \n', p, {c|Lines} c);

end

Python/gurobipy code (download 3d-tic-tac-toe.py)
import gurobipy as gp
from gurobipy import GRB
lines = []
size = 3

for i in range(size):
for j in range(size):
for k in range(size):

if i == 0:
lines.append(((0,j,k), (1,j,k), (2,j,k)))

if j == 0:
lines.append(((i,0,k), (i,1,k), (i,2,k)))

if k == 0:
lines.append(((i,j,0), (i,j,1), (i,j,2)))

if i == 0 and j == 0:
lines.append(((0,0,k), (1,1,k), (2,2,k)))

if i == 0 and j == 2:
lines.append(((0,2,k), (1,1,k), (2,0,k)))

if i == 0 and k == 0:
lines.append(((0,j,0), (1,j,1), (2,j,2)))

if i == 0 and k == 2:
lines.append(((0,j,2), (1,j,1), (2,j,0)))

if j == 0 and k == 0:
lines.append(((i,0,0), (i,1,1), (i,2,2)))

if j == 0 and k == 2:
lines.append(((i,0,2), (i,1,1), (i,2,0)))

lines.append(((0,0,0), (1,1,1), (2,2,2)))
lines.append(((2,0,0), (1,1,1), (0,2,2)))
lines.append(((0,2,0), (1,1,1), (2,0,2)))
lines.append(((0,0,2), (1,1,1), (2,2,0)))

model = gp.Model('Tic_Tac_Toe')
isX = model.addVars(size, size, size, vtype=GRB.BINARY, name="isX")

... continue with Python code

isLine = model.addVars(lines, vtype=GRB.BINARY, name="isLine")
x14 = model.addConstr(isX.sum() == 14)
for line in lines:
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model.addGenConstrIndicator(isLine[line], False, isX[line[0]] + isX[
line[1]] + isX[line[2]] >= 1)

model.addGenConstrIndicator(isLine[line], False, isX[line[0]] + isX[
line[1]] + isX[line[2]] <= 2)

model.setObjective(isLine.sum())
model.optimize()

3.1.3 Non-negative Regression (regression1)

Problem: Consider the folowing regression problem with 𝐴 ∈ 𝐑𝑚,𝑛, 𝑏 ∈ 𝐑𝑚 (typically 𝑚 ≥ 𝑛).
We want to solve:

min
𝑥≥0

‖𝑏 − 𝐴𝑥‖22
The problem is from Regression Model.
Modeling Steps: The optimization problem can be formulated (in matrix form) as follows:

min
𝑥,𝑟

𝑟𝑇 𝑟

s.t. 𝑟 = 𝑏 − 𝐴𝑥
𝑥 ≥ 0
𝑥 ∈ 𝐑𝑛 (regression weights)
𝑟 ∈ 𝐑𝑚 (residual)
𝑏 ∈ 𝐑𝑚 (data)

Further Comments: In the newest version of gurobipy (10.0 – 2022) one can useMVar, MLinExpr,
MQuadExpr to model variables and constraints that are naturally expressed in “vertorized”
form. This often allow to write compact, loopless code and most arithmetic operations allow for
ndarray (numpy package) and scipy.sparse operands.
Frankly, I do not find that this more compact form is a big deal. First of all, sparse datacubes –
which is the rule and not the exception – must still be generated using loops, and only simple
model can use this vectorized form. Second, one must be careful in using nested @ operators:
depending on the nesting the generation of the model can be more or less efficient.
Despite of Python’s vectorized form, the LPL code is still more concise. Note that in LPL
the passive can be omitted, this make the syntax even more “vector-like”. If one likes to gen-
erate exactly the same model instance in LPL then the data can be read from the data file
regressionAb.txt (regressionAb.txt).
LPL code (run regression1)

model regression "Non−n e g a t i v e R e g r e s s i o n ";
parameter n:=10; m:=100;
set i:=1..m;

j:=1..n;
parameter A{i,j}:=Rnd(0,1);

b{i}:=Rnd(0,1);
variable x{j};

r{i} [-1..1];
constraint C0{i}: r = b - sum{j} A*x;
minimize Dev: sum{i} r*r;
Write('x = %9.6f\n', {j} x);

end
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Python/gurobipy code (download regression1.py)
import math
import numpy as np
import scipy.sparse as sp
import gurobipy as gp
import pandas as pd
gp.setParam('OutputFlag',0)

# Example d a t a
A = np.random.rand(100, 10)
b = A \verb? np.random.rand(10) + 0.01 * np.random.rand(100)

model = gp.Model()
x = model.addMVar(10, name="x")
r = model.addMVar(100, lb=-np.inf, name="r")
model.setObjective(r ? r)
model.addConstr(r == b - A \verb? x)
model.optimize()
print(f"Regression values: {x.X}")
print(f"Fit error: {math.sqrt(r.X ? r.X):.2e}")

3.2 OR-tools (Google)
OR-Tools is an open source software suite for optimization, to formulate and solve vehicle rout-
ing, flows, integer and linear programming, and constraint programming problems. It includes
the open-source solvers SCIP, GLPK, or Google’s GLOP and award-winning CP-SAT and can be
linked to Gurobi and Cplex. The models can be implemented using a package in C++, Python,
C#, or Java. The tools is install using the following command:
python -m pip install --upgrade --user ortools

3.2.1 A Simple Nurses Scheduling (nurses)

Problem: Problem: Find an optimal assignment of nurses to shifts (tasks) for a duration of 7
days. Each nurse can request to be assigned to specific shifts. Each shift can only be assigned to
exactly one nurse. In a day, a nurse works at most in one shift. Furthermore, each nurse should
work the same number of shifts than another nurse in the whole period if possible. The optimal
assignment maximizes the number of fulfilled shift requests (the problem is from OR-Tools).
Modeling Steps: Let’s introduce three sets: (1) for the nurses: 𝑛 ∈ 𝐍 = {1,… , 𝑁}, (2) for the
periods (days): 𝑑 ∈ 𝐃 = {1,… , 𝐷}, and for the shifts (tasks): 𝑠 ∈ 𝐒 = {1,… , 𝑆}. A Boolean
relationsship for the shift requests is introduced as 𝑟𝑒𝑞𝑛,𝑑,𝑠 which is true if nurse 𝑛 made a request
to be assigned to shift 𝑠 in day 𝑑. A binary variable 𝑥𝑛,𝑑,𝑠 (“shifts” in the code) defines whether
nurse 𝑛 works on shift 𝑠 in day 𝑑 (=1) or not (=0). The parameter 𝑚𝑖𝑛𝑆 is a minimal number of
shifts that a nurse must work at least to fullfill all assignments. 𝑚𝑎𝑥𝑆 is just at most one bigger
than 𝑚𝑖𝑛𝑆.
The whole model is:
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max
∑

𝑛,𝑑,𝑠|𝑟𝑒𝑞𝑛,𝑑,𝑠

𝑥𝑛,𝑑,𝑠

𝑠.𝑡
∑

𝑛
𝑥𝑛,𝑑,𝑠 = 1 forall 𝑑 ∈ 𝐃, 𝑠 ∈ 𝐒 (1)

∑

𝑠
𝑥𝑛,𝑑,𝑠 ≤ 1 forall 𝑛 ∈ 𝐍, 𝑑 ∈ 𝐃 (2)

𝑚𝑖𝑛𝑆 ≤
∑

𝑑,𝑠
𝑥𝑛,𝑑,𝑠 ≤ 𝑚𝑎𝑥𝑆 forall 𝑛 ∈ 𝐍 (3)

Constraint (1) specifies that for each shift in all days exactly one nurse is assigned. Constraint (2)
determines that each nurse works at most one shift per day. Constraint (3) distribute evenly the
amount of work (all shifts: 𝐷 ⋅𝑆) to every nurse. On average each nurse must work 𝐷 ⋅𝑆∕𝑁 . If
this is not an integer then some nurses must work ⌊𝐷 ⋅𝑆∕𝑁⌋ and some must work an additional
shift. Hence, every nurse must work in at least 𝑚𝑖𝑛𝑆 shifts and at most 𝑚𝑎𝑥𝑆 shifts.
LPL code (run nurses)

model nurses "A Simple Nurse S c h e d u l i n g ";
parameter N,num_nurses := 5;

D,num_days := 7;
S,num_shifts := 3;

set n,all_nurses := 1..N;
set d,all_days := 1..D;
set s,all_shifts := 1..S;
set req{n,d,s} " s h i f t r e q u e s t s ";
Read{n,d,s}('nurses.txt,;1',n,d,s,req);
parameter minS := Trunc((S*D)/N);
maxS := minS + if(S*D%N,1);

binary variable shifts{n,d,s};
constraint C1{d,s}: sum{n} shifts = 1;
C2{n,d}: sum{s} shifts <= 1;
C3{n}: minS <= sum{d,s} shifts <= maxS;

maximize Req: sum{req[n,d,s]} shifts;
Write{d}('Day %d\n%s%s', d,

Format{n,s|shifts}(' Nurse %d works in shift %s %s\n', n,
s, if(req,'(requested)','')),

Format{n,s|~shifts and req}(' Nurse %d requested shift %s but
does not work\n', n,

s);
Write('The number of requests fulfilled: %d out of %d\n',Req,sum{req

}1);
end

The data file is (see nurses.txt) :
5 7 3 //number nurses/days/shifts
// the request list is:
1 1 3 //nurse 1 requests in day 1 shift 3
1 5 3
....

Python/or-tools code (download nurses.py)
from ortools.sat.python import cp_model
def main():

num_nurses = 5
num_shifts = 3
num_days = 7
all_nurses = range(num_nurses)
all_shifts = range(num_shifts)
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all_days = range(num_days)
shift_requests =
[[[0,0,1], [0,0,0], [0,0,0], [0,0,0], [0,0,1], [0,1,0], ...]
model = cp_model.CpModel()
shifts = {} # d e c l a r e v a r i a b l e s
for n in all_nurses:

for d in all_days:
for s in all_shifts:

shifts[(n, d,
s)] = model.NewBoolVar('shift_n%id%is%i' % (n, d, s))

for d in all_days: # c o n s t r a i n t 1
for s in all_shifts:

model.AddExactlyOne(shifts[(n, d, s)] for n in all_nurses)
for n in all_nurses: # c o n s t r a i n t 2

for d in all_days:
model.AddAtMostOne(shifts[(n, d, s)] for s in all_shifts)

min_shifts_per_nurse = (num_shifts * num_days) // num_nurses
if num_shifts * num_days % num_nurses == 0:

max_shifts_per_nurse = min_shifts_per_nurse
else:

max_shifts_per_nurse = min_shifts_per_nurse + 1

continuing with Python code ...
for n in all_nurses: # c o n s t r a i n t 3

num_shifts_worked = 0
for d in all_days:

for s in all_shifts:
num_shifts_worked += shifts[(n, d, s)]

model.Add(min_shifts_per_nurse <= num_shifts_worked)
model.Add(num_shifts_worked <= max_shifts_per_nurse)

model.Maximize(
sum(shift_requests[n][d][s] * shifts[(n, d, s)] for n in

all_nurses
for d in all_days for s in all_shifts))

solver = cp_model.CpSolver()
status = solver.Solve(model)

if status == cp_model.OPTIMAL: # o u t p u t
print('Solution:')
for d in all_days:

print('Day', d)
for n in all_nurses:

for s in all_shifts:
if solver.Value(shifts[(n, d, s)]) == 1:

if shift_requests[n][d][s] == 1:
print('Nurse', n, 'works shift', s, '(requested).')

else:
print('Nurse', n, 'works shift', s,

'(not requested).')
print()

print(f'Number of shift requests met = {solver.ObjectiveValue()
}',

f'(out of {num_nurses * min_shifts_per_nurse})')
else:

print('No optimal solution found !')

if __name__ == '__main__':
main()
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3.3 Pyomo (Python – open source)
Pyomo uses object-oriented capacities of Python to represent optimization models by simulating
the components of a AML (algebraic modeling language) (see homepage: Pyomo. A new edition
of the book has been published recently (2021) from the authors “Pyomo is a flexible, extensible
modeling framework that captures and extends central ideas found in modern algebraic modeling
languages, all within the context of a widely used programming language.” [2]. It allows the
user to formulate a large range of models: linear, quadratic, nonlinear, mixed integer, disjunctive,
dynamic problems with differential equations, and models with equilibrium constraints. It can
be linked to an number of solvers and though its output of the AMPL nl format to all their solvers.
A collection of interesting models commposed by Alireza Soroudi can also be found at Pyomo
Models.

A Pyomo model is implemented as a Python object model, which contains a collection of
components, simulating the components of an algebraic modeling language:

Set defines set data (index-sets)
Param defines data parameters
Var defines variables
Constraint defines constraints
Objective defines objectives

One must choose whether to define a concrete or an abstract model. Concrete models include
the data directly in the model code, abstract models separate strictly data from the model struc-
ture – in order that the structure can be reused. In this case, the data are external and “linked”
through a similar mechanism as AMPL though its data command.
Pyomo can also formulate nonlinear problems. Nonlinear solver generally require evaluation of
first, and often second, derivatives. Pyomo uses automatic differentiation (AD) tools to provide
them. If connected to a AMPL solver, this task is delegated to the AMPL Solver Library (ASL)
interface (which is open source). A small example is given that minimizes the Rosenbrock
function.

An example of a concrete and an abstract model – comparing to LPL – is given below (from
[2]).

3.3.1 Warehouse Location (wl1)

Problem: This model represents a location problem: a set of customers has to be served from a
potential set of warehouses. The number of warehouses to open is limited and the delivery costs
from a warehouse to a costumer location is given. The question is which warehouse to open and
what quantity to deliver to each customer.
Modeling Steps: The set of customers is 𝑚 ∈ 𝑀 and the potential set of warehouses is 𝑛 ∈ 𝑁 .
The number of warehouses to open is 𝑃 and the delivery costs from a warehouse 𝑛 to a costumer
location 𝑚 is 𝑑𝑛,𝑚. Let 𝑥𝑛,𝑚 be the unknown quantity send from warehouse 𝑛 to customer 𝑚 and
let 𝑦𝑛 be a binary variable which is 1 if the warehouse location is open.
The mathematical model can be formulated as follows:

49

https://pyomo.org
https://www.linkedin.com/build-relation/newsletter-follow?entityUrn=6874020019009859585
https://www.linkedin.com/build-relation/newsletter-follow?entityUrn=6874020019009859585
https://matmod.ch/getmodel.html?lplfile=wl1.lpl


min
∑

𝑛,𝑚
𝑐𝑛,𝑚𝑥𝑛,𝑚

subject to ∑

𝑛
𝑥𝑛,𝑚 = 1 forall 𝑚 ∈ 𝑀

𝑥𝑛,𝑚 ≤ 𝑦𝑛 forall 𝑛 ∈ 𝑁,𝑚 ∈ 𝑀
∑

𝑛
𝑦𝑛 = 𝑃 forall 𝑛 ∈ 𝑁

0 ≤ 𝑥𝑛,𝑚 ≤ 1 forall 𝑛 ∈ 𝑁,𝑚 ∈ 𝑀
𝑦𝑛 ∈ {0, 1} forall 𝑛 ∈ 𝑁

This model is used to compare LPL with Pyomo. See for an implementation of an abstract model
here: wl2.
Further Comments: The model in LPL includes all data directly into the model. The Pyomo
Python script formulation below uses plain Python code for the data implementation. The model
specification begins by creating a concrete model with:

model = pyo.ConcreteModel(name="(WL)")

It is followed by the declaration of variables, objective and constraints. Next the connection to
the solver is established:

solver = pyo.SolverFactory(’gurobi’)

Then the solver is called, and finally the output is generated with the print and with Pyomo’s
pprint function.
LPL code (run wl1)

model wl1 " Warehouse L o c a t i o n ";
set n := [Harlingen Memphis Ashland] " a s e t o f warehouses ";

m := [NYC LA Chicago Houton] " a s e t o f c u s t o m e r l o c a t i o n s ";
parameter P := 2 " number o f open warehouses ";
d{n,m} " d e l i v e r y c o s t s "

:= [1956 1606 1410 330
1096 1792 531 567
485 2322 324 1236];

variable x{n,m} [0..1] " f r a c t i o n o f demand ";
binary y{n} " warehouse open ? ";
constraint A{m}: sum{n} x[n,m] = 1;
B{n,m}: x[n,m] <= y[n];
C: sum{n} y[n] = P;

minimize obj: sum{n,m} d[n,m]*x[n,m];
Write('OBJ=%5.2f\n',obj);
Write('Open: %9s\n', {n|y} n);

end

Python/gurobipy code (download wl1.py)
import pyomo.environ as pyo
import gurobipy

# t h e d a t a
N = ['Harlingen', 'Memphis', 'Ashland']
M = ['NYC', 'LA', 'Chicago', 'Houston']
d = {('Harlingen', 'NYC'): 1956, \
('Harlingen', 'LA'): 1606, \
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('Harlingen', 'Chicago'): 1410, \
('Harlingen', 'Houston'): 330, \
('Memphis', 'NYC'): 1096, \
('Memphis', 'LA'): 1792, \
('Memphis', 'Chicago'): 531, \
('Memphis', 'Houston'): 567, \
('Ashland', 'NYC'): 485, \
('Ashland', 'LA'): 2322, \
('Ashland', 'Chicago'): 324, \
('Ashland', 'Houston'): 1236 }
P = 2

# t h e model
model = pyo.ConcreteModel(name="(WL)")
model.x = pyo.Var(N, M, bounds=(0,1))
model.y = pyo.Var(N, within=pyo.Binary)

def obj_rule(mdl):
return sum(d[n,m]*mdl.x[n,m] for n in N for m in M)

model.obj = pyo.Objective(rule=obj_rule)

def demand_rule(mdl, m):
return sum(mdl.x[n,m] for n in N) == 1

model.demand = pyo.Constraint(M, rule=demand_rule)

... continue with Python code

def warehouse_active_rule(mdl, n, m):
return mdl.x[n,m] <= mdl.y[n]

model.warehouse_active = pyo.Constraint(N, M, rule=
warehouse_active_rule)

def num_warehouses_rule(mdl):
return sum(mdl.y[n] for n in N) <= P

model.num_warehouses = pyo.Constraint(rule=num_warehouses_rule)

# t h e s o l v e r i n t e r f a c e
solver = pyo.SolverFactory('gurobi')
res = solver.solve(model)
pyo.assert_optimal_termination(res)

print("OBJ=",pyo.value(model.obj))
model.y.pprint()
model.x.pprint()

3.3.2 Warehouse Location (wl2)

Problem: This model wl2 is the same model as model wl1, with the exception that the data set
is separated from the model structure.
To solve the problem, call the LPL model in the command line as follows:

lplc wl2 - @INF=’wl2-data.dat’#@OUTF=’wl2-out.dat’

The file wl2-data.dat contains two data sets. If you want to run the second set data1 then
call it as follows:
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lplc wl2 - @INF=’wl2-data.dat’#
@OUTF=’wl2-out.dat’#@IN=’data1’

Further Comments: The model in LPL contains only the model structure without any data.
The data are defined in an external file (see code).
The Pyomo Python script formulation below begins by creating an abstract model with:

model = pyo.AbstractModel(name="(WL)")

Like the concrete model, it defines the data parameters, the variables, the constraints, and the
objective function. It can be executed but it does nothing, since the data are missing and solver
link is not established.
The Pyomo abstract model is as follows:
While installing Pyomo with the pip command, an executable pyomo.exe is also installed. To
run and solve the model, use this executable and run the script on the command line as follows:

pyomo --solver=gurobi wl2.py wl2-pydata.dat

LPL code (run wl2)
model wl2 " Warehouse L o c a t i o n ";

set n " a s e t o f warehouses ";
m " a s e t o f c u s t o m e r l o c a t i o n s ";

parameter P " number od open warehouses ";
d{n,m} " d e l i v e r y c o s t s ";

variable x{n,m} [0..1] " f r a c t i o n o f demand ";
binary y{n} " warehouse open ? ";
constraint A{m}: sum{n} x[n,m] = 1;
B{n,m}: x[n,m] <= y[n];
C: sum{n} y[n] = P;

minimize obj: sum{n,m} d[n,m]*x[n,m];
end

The data are defined in an external file wl2-data.dat that must be linked when called LPL (see
above) :

model data;
n:= [Harlingen Memphis Ashland];
m:= [NYC LA Chicago Houton];
P:=2;
d{n,m} := [1956 1606 1410 330

1096 1792 531 567
485 2322 324 1236];

end

The solution output instructions are also in a separate file wl2-out.dat):
model output;

Write('OBJ=%5.2f\n',obj);
Write('Open: %9s\n', {n|y} n);

end

Promo/gurobipy code (download wl2.py)
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# wl2 . py : A b s t r a c t M o d e l v e r s i o n o f warehouse l o c a t i o n
import pyomo.environ as pyo

model = pyo.AbstractModel(name="(WL)")
model.N = pyo.Set()
model.M = pyo.Set()
model.d = pyo.Param(model.N,model.M)
model.P = pyo.Param()
model.x = pyo.Var(model.N, model.M, bounds=(0,1))
model.y = pyo.Var(model.N, within=pyo.Binary)

def obj_rule(model):
return sum(model.d[n,m]*model.x[n,m] for n in model.N for m in model.

M)
model.obj = pyo.Objective(rule=obj_rule)

def one_per_cust_rule(model, m):
return sum(model.x[n,m] for n in model.N) == 1

model.one_per_cust = pyo.Constraint(model.M, rule=one_per_cust_rule)

def warehouse_active_rule(model, n, m):
return model.x[n,m] <= model.y[n]

model.warehouse_active = pyo.Constraint(model.N, model.M, rule=
warehouse_active_rule)

def num_warehouses_rule(model):
return sum(model.y[n] for n in model.N) <= model.P

model.num_warehouses = pyo.Constraint(rule=num_warehouses_rule)

An external file wl2-pydata.dat holds the data (the format is similar to the AMPL data format):
# w l 2 _ d a t a . d a t : Pyomo f o r m a t d a t a f i l e f o r t h e warehouse l o c a t i o n

problem
set N := Harlingen Memphis Ashland ;
set M := NYC LA Chicago Houston;
param d :=

Harlingen NYC 1956
Harlingen LA 1606
Harlingen Chicago 1410
Harlingen Houston 330
Memphis NYC 1096
Memphis LA 1792
Memphis Chicago 531
Memphis Houston 567
Ashland NYC 485
Ashland LA 2322
Ashland Chicago 324
Ashland Houston 1236

;
param P := 2 ;

3.3.3 Rosenbrock Function (rosenbrock)

Problem: The Rosenbrock function is the non-linear function:
𝑓 (𝑥, 𝑦) = (1 − 𝑥)2 + 100(𝑦 − 𝑥2)2
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This function is to be minimized.
Modeling Steps: The model in LPL is straightforward (the solver used is Knitro as defined in
the lplcfg.lpl file). It is compared to the Pyomo Python script formulation of a concrete model
(note that the free source ipopt is used to solve the model).
LPL code (run rosenbrock)

model wl1 " Rosenbrock F u n c t i o n ";
variable x:=1.5; y:=1.5;
minimize obj: (1-x)^2 + 100*(y-x^2)^2;
Write('OBJ=%5.5f\n',obj);
Write('x=%5.5f , y=%5.5f\n', x,y);

end

Python/Promo code (download rosenbrock.py)
import pyomo.environ as pyo
model = pyo.ConcreteModel()
model.x = pyo.Var(initialize=1.5)
model.y = pyo.Var(initialize=1.5)
def rosenbrock(model):

return (1.0 - model.x)**2 \
+ 100.0*(model.y - model.x**2)**2

model.obj = pyo.Objective(rule=rosenbrock, sense=pyo.minimize)
status = pyo.SolverFactory('ipopt').solve(model)
pyo.assert_optimal_termination(status)
model.pprint()

Pyomo can also represent hierarchically structured problems using the component Block to
manage model scope. Various extensions for disjunctive programming (componentDisjunction),
differential algebraic equations (DAE) (components ContinuousSet, DerivativeVar),
models with equilibrium constraints (component Complementarity) exist. These exten-
sions can be automatically transformed into an appropriate form to be solved. For example,
DAEs can be transformed into a general nonlinear model using, p.e. the Euler forward method.

3.4 Gecco/APMonitor (Python – open source)
APMonitor is an algebraic modeling language for optimization models of mixed-integer and
differential algebraic equations. It is coupled with large-scale solvers for linear, quadratic, non-
linear, and mixed integer programming (LP, QP, NLP, MILP, MINLP). Modes of operation in-
clude data reconciliation, real-time optimization, dynamic simulation, and nonlinear predictive
control. It is freely available through MATLAB, Python, and from a web browser interface.
Gekko is a Python package and a front-end interface to APMonitor. Gekko is embedded in
Python as a object initialized in Python with :

m = GEKKO()

Variables, Equations, solve instructions can then be defined simply as (see example below):
m.Var(...)
m.Equation(...)
m.solve(...)

To install GEKKO as a Python package enter the command on the terminal:
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pip install gekko

There is no need to install a solver since gekko communicates with a server at APMonitor to
solve the problem. In the following, two examples are given which compare APMonitor/gekko
with LPL.

3.4.1 A Hock/Schittkowski Model (hs71)

Problem: A non-linear benchmark model (NLP) from the Hock & Schittkowski model library
with 4 variables and 2 constraints.
Modeling Steps: A mathematical modeling of this problem is as follows :

min 𝑥1𝑥4(𝑥1 + 𝑥2 + 𝑥3) + 𝑥3
𝑠.𝑡 𝑥1𝑥2𝑥3𝑥4 ≥ 25

𝑥2
1 + 𝑥2

2 + 𝑥2
3 + 𝑥2

4 = 40
1 ≤ 𝑥1, 𝑥2, 𝑥3, 𝑥4 ≤ 5
𝑥0 = (1, 5, 5, 1) initialization

LPL code (run hs71)
model hs71 "A Hock / S c h i t t k o w s k i model ";

set i := [1..4];
variable x{i} [1..5] := [1 5 5 1];
constraint
A: prod{i} x[i] >= 25;
B: sum{i} x^2 = 40;

minimize O: x[1]*x[4]*(x[1]+x[2]+x[3]) + x[3];
Write('x1: %5.3f\nx2: %5.3f\nx3: %5.3f\nx3: %5.3f\n',x[1],x[2],x[3],x

[4]);
Write('Objective: %5.3f\n',O);

end

The AMP model (right side) can be solved online or using the following Python script:
Python script (run hs71-main.py)

import sys
sys.path.append("../")
from apm import *

# So lve o p t i m i z a t i o n problem
sol = apm_solve('hs71',3)

print('--- Results of the Optimization Problem ---')
print('x[1]: ' + str(sol['x[1]']))
print('x[2]: ' + str(sol['x[2]']))
print('x[3]: ' + str(sol['x[3]']))
print('x[4]: ' + str(sol['x[4]']))

APMonitor code (run at hs071.apm)
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Model hs71
Variables
x1 = 1, >=1, <=5
x2 = 5, >=1, <=5
x3 = 5, >=1, <=5
x4 = 1, >=1, <=5

End Variables
Equations
x1*x2*x3*x4 > 25
x1^2 + x2^2 + x3^2 + x4^2 = 40
! b e s t known o b j e c t i v e = 17.0140173
minimize x1*x4*(x1+x2+x3) + x3

End Equations
End Model

Python/GEKKO code (download hs71.py)
from gekko import GEKKO
m = GEKKO() # I n i t i a l i z e gekko
# Use IPOPT s o l v e r ( d e f a u l t )
m.options.SOLVER = 3
# Change t o p a r a l l e l l i n e a r s o l v e r
m.solver_options = ['linear_solver ma97']
# I n i t i a l i z e v a r i a b l e s
x1 = m.Var(value=1,lb=1,ub=5)
x2 = m.Var(value=5,lb=1,ub=5)
x3 = m.Var(value=5,lb=1,ub=5)
x4 = m.Var(value=1,lb=1,ub=5)
# E q u a t i o n s
m.Equation(x1*x2*x3*x4>=25)
m.Equation(x1**2+x2**2+x3**2+x4**2==40)
m.Obj(x1*x4*(x1+x2+x3)+x3) # O b j e c t i v e
m.options.IMODE = 3 # S te ad y s t a t e o p t i m i z a t i o n
m.solve(disp=False) # So lve

... continue with Python script

print('Results')
print('x1: ' + str(x1.value))
print('x2: ' + str(x2.value))
print('x3: ' + str(x3.value))
print('x4: ' + str(x4.value))
print('Objective: ' + str(m.options.objfcnval))

3.4.2 Problem 8 from APMonitor (prob8)

Problem: Implement the following differential equation with initial condition 𝑦(0) = 5.

𝐾
𝑑𝑦
𝑑𝑡

= −𝑡𝑦 (1)
where 𝐾 = 10. The solution should be reported from initial time 0 to final time 20 (model is
from: GEKKO.
Modeling Steps: In LPL one needs to discretize the differential equations manually. Using a
time step Δ𝑡 of 0.25, we get 𝑛 = 80 time steps till 20. Let’s define a set 𝑖 ∈ 𝐼 = {0,… , 𝑛}, and
a data vector of time points 𝑡𝑖 = 𝑖∕4.
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This problem – a simple ODE (ordinary differential equation) – can now be approximate by
(Euler forward method) :

𝑦𝑖+1 − 𝑦𝑖
Δ𝑡

= −
−𝑡𝑖𝑦𝑖
𝐾

forall 𝑖 ∈ 𝐼 − {𝑛}

or

𝑦𝑖+1 = 𝑦𝑖 +
𝛿𝑡
𝐾

⋅ −𝑡𝑖𝑦𝑖 forall 𝑖 ∈ 𝐼 − {𝑛} with 𝑦0 = 5

This can be implemented using a loop: starting with 𝑦0 – which is given – we calculate 𝑦1, then
𝑦2, etc. (see code below).
The Euler forward method is only a rough approximation. Better approximations are the Runde-
Kutta methods. As an example, see the Runde-Kutta second order method as follows (see for
example [7] and [1].

𝑘1 = Δ𝑡 ⋅ (−𝑡𝑖𝑦𝑖)∕𝐾
𝑘2 = Δ𝑡 ⋅ ((−𝑡𝑖𝑦𝑖) + 𝑘1∕2)∕𝐾
𝑦𝑖+1 = 𝑦𝑖 + 𝑘2

In LPL, these methods can be implemented using a loop and the graph can be generated by the
Draw instruction.
Another approach is to transform the differential equations into ordinary (non)-linear algebraic
equations and to solve it with a NLP solver [7]. The model prob8a in LPL formulation is an
example on how the differential equation (1) can be transformed into an algebraic equation (using
Euler’s forward method)5.
Further Comments: The dollar sign $ in the APMonitor code indicates a derivative. The model
is transformed using orthogonal collocation into a NLP (non-linear) model and solved by the
open source APopt or IPopt solvers. In LPL, this transformation must be done manually.
LPL code (run prob8)

model prob8 " Problem 8 from APMonitor ";
set i:=0..80;
parameter D:=0.25 " s t e p s i z e ";
parameter t{i}:=i*D;
parameter y{i};;
y[0]:=5;
−− E u l e r ' s f o r w a r d method
{i|i<#i} (y[i+1] := (y[i] + D*(-t*y)/10));
−−Runde−K u t t a second o r d e r method :
/ / p a r a m e t e r k1 ; k2 ;
/ / { i | i <# i } ( k1 :=D∗(− t ∗y ) / 1 0 ,
/ / k2 :=D∗(( − t ∗y )+k1 / 2 ) / 1 0 ,
/ / y [ i +1]:= y + k2 ) ;
Draw.Scale(1,1);
Draw.XY(t,y,1);

end

Alternative implementation (run prob8a)
5Warning: This approach is only for educational demonstration. It should not be used in a professional context,

because the errors can grow rapidly. Most software solving such problem use orthogonal collocation and other
methods, see [4].
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model prob8a " Problem 8 from APMonitor ";
set i:=0..80;
parameter D:=0.25 " s t e p s i z e ";
parameter t{i}:=i*D;
variable y{i};
constraint
B: y[1] = 5;
A{i|i<#i}: y[i+1] = y[i] + 0.25*(-t*y)/10;

solve;
Draw.Scale(1,1);
Draw.XY(t,y,1);

end

APMonitor code (download prob8.apm)
Model prob8

Parameters
k = 10

End Parameters
Variables
t > 0 < 20
y = 5 ! i n i t i a l c o n d i t i o n

End Variables
Equations
k * $y = -t*y

End Equations
End Model

Python/GEKKO code (download prob8.py)
from gekko import GEKKO
import numpy as np
import matplotlib.pyplot as plt
# %m a t p l o t l i b i n l i n e ## use t h i s on ly i n J u p y t e r
m = GEKKO()
m.time = np.linspace(0,20,100)
k = 10
y = m.Var(value=5.0)
t = m.Param(value=m.time)
m.Equation(k*y.dt()==-t*y)
m.options.IMODE = 4
m.solve(disp=False)

plt.plot(m.time,y.value)
plt.xlabel('time')
plt.ylabel('y')
plt.savefig('prob8.png') ## save t o a f i l e

3.5 PuLP (Python – open source)
Pulp is an open source package that can formulate linear MIP models. It can be linked to a
numbers of linear solvers (CBC, GLPK, CLPEX, Gurobi, etc.). To install the PuLP use pip:

pip install pulp

To use the package a model must be initialized with :
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prob = LpProblem(...)

Variables are declared using:
x = LpVariable(...)
choices = LpVariable.dicts(...) ## an indexed variable

The constraints are added by adding expression to the list:
prob += lpSum([choices[v][r][c] for c in Cols]) == 1,""

Below the Sudoku problem is used to illustrate the syntax of PuLP.

3.5.1 A Sudoku Instance (sudokuP)

Problem: The Sudoko is a well known game. Its rules are simple: “Fill in the grid (see, for
example, Figure 5) so that every row, every column, and every 3×3 subblock contains the digits
1 to 9.”. The modeling has been explain in my Puzzlebook. An implementation can be found at
sudoku.

5 3 7

6 1 9 5

9 8 6

8 6 3

4 8 3 1

7 2 6

6 2 8

4 1 9 5

8 7 9

Figure 5: A Sudoku Instance

Modeling Steps: A mathematical modeling of this problem is as follows :
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∑

𝑘
𝑥𝑖,𝑗,𝑘 = 1 forall 𝑖, 𝑗 ∈ 𝐼

∑

𝑗
𝑥𝑖,𝑗,𝑘 = 1 forall 𝑖, 𝑘 ∈ 𝐼

∑

𝑖
𝑥𝑖,𝑗,𝑘 = 1 forall 𝑗, 𝑘 ∈ 𝐼

∑

𝑗
𝑥𝑖′ ,𝑗′ ,𝑘 = 1 forall 𝑖, 𝑘 ∈ 𝐼

with 𝑖′ = 𝑖 − (𝑖 − 1) mod 3 + ⌈(𝑗 − 1)∕3⌉
and 𝑗 ′ = 3(𝑖 − 1) mod 3 + (𝑗 − 1) mod 3 + 1

𝑥𝑖,𝑗,𝑘 = 1 forall 𝑖, 𝑗, 𝑘 ∈ 𝐼, 𝑃𝑖,𝑗 = 𝑘
𝑥𝑖,𝑗,𝑘 ∈ {0, 1} forall 𝑖, 𝑗, 𝑘 ∈ 𝐼
𝐼 = {1,… , 9}

The first constraint make sure that in every cell exactlyone digit is placed. The second and thrid
constraints garantuees that on each row and column every digit occurs exactly once, and the
fourth constraint requires that in each 3 × 3 sub-block every digit occurs. Finally, the given
entries must be set.
Further Comments: The script uses a default solver, if we want to use a different solver, we
can modify the script as follows:

import pulp as pl
path_to_cplex = r’c:\....\cplex.exe’
solver = pl.CPLEX_CMD(path=path_to_cplex)
...
result = model.solve(solver)

Note the concise form of writing the output in LPL.
LPL code (run sudokuP)

model sudoku "A Sudoku I n s t a n c e ";
set i,j,k := 1..9;
parameter P{i,j} := [5 3 0 0 7 0 0 0 0

6 0 0 1 9 5 0 0 0
0 9 8 0 0 0 0 6 0
8 0 0 0 6 0 0 0 3
4 0 0 8 0 3 0 0 1
7 0 0 0 2 0 0 0 6
0 6 0 0 0 0 2 8 0
0 0 0 4 1 9 0 0 5
0 0 0 0 8 0 0 7 9];

binary variable x{i,j,k} " k i s i n c e l l ( i , j ) ? ";
constraint
N{i,j}: sum{k} x = 1 " In each c e l l on ly one k ";
R{i,k}: sum{j} x = 1 " Every k i n each row i ";
C{j,k}: sum{i} x = 1 " Every k i n each column j ";
B{i,k}: sum{j} / / s u b b l o c k s

x[i-(i-1)%3+Trunc((j-1)/3), 3*(i-1)%3+(j-1)%3+1, k] = 1;
F{i,j,k|P[i,j]=k}: x = 1 ;

solve;
integer parameter X{i,j} := argmax{k} x;
Write('+-------+-------+-------+\n');
Write{i}('| %s| %s| %s|\n%s',
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Format{j|j<=3}('%1d ',X),
Format{j|4<=j<=6}('%1d ',X),
Format{j|j>=7}('%1d ',X),
if(i=3 or i=6 or i=9,

Format('+-------+-------+-------+\n'),''));
end

Python/PuLP code (download sudokuP.py)
# Autho r s : Antony P h i l l i p s , Dr S t u a r t M i t c e h l l
from pulp import *
Sequence = ["1", "2", "3", "4", "5", "6", "7", "8", "9"]
Vals = Sequence
Rows = Sequence
Cols = Sequence
Boxes =[]
for i in range(3):

for j in range(3):
Boxes += [[(Rows[3*i+k],Cols[3*j+l]) for k in range(3) for l in

range(3)]]

# t h e model
prob = LpProblem("Sudoku Problem",LpMinimize)
choices = LpVariable.dicts("Choice",(Vals,Rows,Cols),0,1,LpInteger)
prob += 0, "Arbitrary Objective Function"
for r in Rows:

for c in Cols:
prob += lpSum([choices[v][r][c] for v in Vals]) == 1, ""

for v in Vals:
for r in Rows:
prob += lpSum([choices[v][r][c] for c in Cols]) == 1,""

for c in Cols:
prob += lpSum([choices[v][r][c] for r in Rows]) == 1,""

for b in Boxes:
prob += lpSum([choices[v][r][c] for (r,c) in b]) == 1,""

prob += choices["5"]["1"]["1"] == 1,""
prob += choices["6"]["2"]["1"] == 1,""
prob += choices["8"]["4"]["1"] == 1,""

The same output of LPL and PuLP is as follows:

+-------+-------+-------+
| 5 3 4 | 6 7 8 | 9 1 2 |
| 6 7 2 | 1 9 5 | 3 4 8 |
| 1 9 8 | 3 4 2 | 5 6 7 |
+-------+-------+-------+
| 8 5 9 | 7 6 1 | 4 2 3 |
| 4 2 6 | 8 5 3 | 7 9 1 |
| 7 1 3 | 9 2 4 | 8 5 6 |
+-------+-------+-------+
| 9 6 1 | 5 3 7 | 2 8 4 |
| 2 8 7 | 4 1 9 | 6 3 5 |
| 3 4 5 | 2 8 6 | 1 7 9 |
+-------+-------+-------+

... continue with Python code
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prob += choices["4"]["5"]["1"] == 1,""
prob += choices["7"]["6"]["1"] == 1,""
prob += choices["3"]["1"]["2"] == 1,""
prob += choices["9"]["3"]["2"] == 1,""
prob += choices["6"]["7"]["2"] == 1,""
prob += choices["8"]["3"]["3"] == 1,""
prob += choices["1"]["2"]["4"] == 1,""
prob += choices["8"]["5"]["4"] == 1,""
... some lines have been cut ...
prob += choices["6"]["6"]["9"] == 1,""
prob += choices["5"]["8"]["9"] == 1,""
prob.writeLP("Sudoku.lp")
prob.solve()

# t h e o u t p u t
sudokuout = open('sudokuout.txt','w')
for r in Rows:

if r == "1" or r == "4" or r == "7":
sudokuout.write("+-------+-------+-------+\n")

for c in Cols:
for v in Vals:

if value(choices[v][r][c])==1:
if c == "1" or c == "4" or c =="7":

sudokuout.write("| ")
sudokuout.write(v + " ")
if c == "9":

sudokuout.write("|\n")
sudokuout.write("+-------+-------+-------+")
sudokuout.close()
print ("Status:", LpStatus[prob.status])
print ("Solution Written to sudokuout.txt")

3.6 Python-MIP (Python – open source)
Python-MIP is another high-performance collection of Python tools for the modeling and solu-
tion of Mixed-Integer Linear programs (MIPs). Its syntax was inspired by Pulp, but the package
also provides access to advanced solver features like cut generation, lazy constraints, MIP starts,
and solution pools. We use the queens problem on a chessboard to give a glimpse of its syntax.

3.6.1 The n-Queens Problem (queens)

Problem: On a 𝑛× 𝑛 chessboard place as many queens as possible which to not beat each other.
(Other formulations of this problem are explained in my Puzzlebook. The Python code is from
Python-MIP
Modeling Steps: Let 𝑛 be the size of the chessboard and 𝑖, 𝑗 ∈ 𝐼 = {1,… , 𝑛} the set of rows
and columns. A binary variable 𝑥𝑖,𝑗 is defined for each square at position (𝑖, 𝑗). 𝑥𝑖,𝑗 = 1 if a
queen is placed at that position (𝑖, 𝑗), otherwise 𝑥𝑖,𝑗 = 0.
Let 𝑚 = 2𝑛−3 be the number of forward/backward diagonals and let 𝐾 = {1,… , 𝑚} be the set
of the diagonals. Constraint (1) ensures that on each row 𝑖 exactly one queen only can be placed.
Constraint (2) ensures that on each column 𝑗 exactly one queen only can be placed. Constraint
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(3) makes sure that at most one queen can be placed on every forward diagonal 𝑘, and finally,
constraint (4) also requires that maximally 1 queen can be placed on every backward diagonal
𝑘.
To simplify the notation, we introduce a parameter 𝑃𝑘 which is the number of squares on each
(forward/backward) diagonal 𝑘. It can be defined as:

𝑃𝑘 = min(𝑘 + 1 , 2𝑛 − 𝑘 − 1) , forall 𝑘 ∈ 𝐾

We also define
𝑖′ = max(0 , 𝑘 − 𝑛 + 1) + 𝑗 , 𝑗 ′ = max(0 , 𝑛 − 𝑘 − 1) + 𝑗
𝑖′′ = min(𝑛 + 1 , 𝑘 + 2) − 𝑗 , 𝑗 ′′ = max(0 , 𝑘 − 𝑛 + 1) + 𝑗 forall 𝑗 ∈ 𝐼, 𝑘 ∈ 𝐾

max
∑

𝑖,𝑗
𝑥𝑖,𝑗

𝑠.𝑡
∑

𝑗
𝑥𝑖,𝑗 = 1 forall 𝑖 ∈ 𝐼 (1)

∑

𝑖
𝑥𝑖,𝑗 = 1 forall 𝑗 ∈ 𝐼 (2)

∑

𝑗|𝑗≤𝑃𝑘

𝑥𝑖′ ,𝑗′ ≤ 1 forall 𝑘 ∈ 𝐾 (3)
∑

𝑗|𝑗≤𝑃𝑘

𝑥𝑖′′ ,𝑗′′ ≤ 1 forall 𝑘 ∈ 𝐾 (4)
𝑥𝑖,𝑗 ∈ [0, 1] forall 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐼

Note that there are several other implementations in LPL explained in chess5.
Further Comments: The Python code needs the mip package. The model is initialized by
the function Model(). Like in PuLP, the constraints are “added” to the model using the +=
operator. Note also the graphical output of LPL.
LPL code (run queens)

model queens " The n−Queens Problem ";
parameter n:=20;
set i,j := 1..n;
binary variable x{i,j}; y; z;
constraint
Row{i} : sum{j} x <= 1;
Col{j} : sum{i} x <= 1;
Diag1{k in 1..2*n-3}:

sum{j|j<=Min(k+1,2*n-k-1)}
x[Max(0,k-n+1)+j,Max(0,n-k-1)+j] <= 1;

Diag2{k in 1..2*n-3}:
sum{j|j<=Min(k+1,2*n-k-1)}

x[Min(n+1,k+2)-j,Max(0,k-n+1)+j] <= 1;
maximize obj: sum{i,j} x;
Write('The number of Queens is: %3d\n', obj);
Draw.Scale(10,10);
{i,j} Draw.Rect(i,j,1,1,if((i+j)%2,0,1),0);
{i,j|x} Draw.Circle(j+.5,i+.5,.3,5);

end

MIP-Python code (download queens.py)
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from sys import stdout
from mip import Model, xsum, BINARY
n = 40
queens = Model()
x = [[queens.add_var('x({},{})'.format(i, j), var_type=BINARY)

for j in range(n)] for i in range(n)]
# one p e r row
for i in range(n):

queens += xsum(x[i][j] for j in range(n)) == 1, 'row({})'.format(i)
# one p e r column
for j in range(n):

queens += xsum(x[i][j] for i in range(n)) == 1, 'col({})'.format(j)
# d i a g o n a l \
for p, k in enumerate(range(2 - n, n - 2 + 1)):

queens += xsum(x[i][i - k] for i in range(n)
if 0 <= i - k < n) <= 1, 'diag1({})'.format(p)

# d i a g o n a l /
for p, k in enumerate(range(3, n + n)):

queens += xsum(x[i][k - i] for i in range(n)
if 0 <= k - i < n) <= 1, 'diag2({})'.format(p)

queens.optimize()

if queens.num_solutions:
stdout.write('\n')
for i, v in enumerate(queens.vars):

stdout.write('O ' if v.x >= 0.99 else '. ')
if i % n == n-1:

stdout.write('\n')

3.7 JuMP (Julia – open source)
Julia is a high-performance language for scientific computation (see JuliaLang). While in
Python a multitude of packages compete with each other, in Julia exists one dominant pack-
age for mathematical modeling: JuMP. A somewhat outdated but still convenient book has be
written on JuMP with many model examples ([3].
To install JuMP and solver packages, the package manager Pkg of Julia must be used:

using Pkg
Pkg.add("JUMP")
Pkg.add("GLPK")
Pkg.add("HIGHS")
Pkg.add("IPOPT")

To install commercial solvers, first install the solver libraries, then add a path and install a pack-
age as follows (sometimes the package has to be built). For example, to install the commercial
solver CPLEX or Gurobi follow the instructions at CPLEX package and Gurobi package.

ENV["CPLEX_STUDIO_BINARIES"] = "<pathToCplexBin>"
using Pkg
Pkg.add("CPLEX")
Pkg.build("CPLEX")

To illustrate modeling in Julia/JuMP, three examples are used.
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3.7.1 Facility Location (facilityLoc)

Problem: The facility location problem wants to determine whether a facility has to be built and
and from which facility a customer has to be served at minimal cost. Cost has two components:
the transportation costs from a facility to the customer and the building cost (construction cost)
of a facility.
Modeling Steps: Let 𝑖 ∈ 𝐼 be a set of customer locations and 𝑗 ∈ 𝐽 a set of facility locations.
(𝑥_𝑐𝑖, 𝑦_𝑐𝑖) and (𝑥_𝑓𝑗 , 𝑦_𝑓𝑗) are the coordinates of the customers and the facilities. Let 𝑓𝑗 be the
opening fixed costs for a facility and 𝑐𝑖,𝑗 the cost to transport products from facility 𝑗 to customer
𝑖.
𝑥𝑖,𝑗 is a binary variable determining whether customer 𝑖 is assigned to facility 𝑗, and 𝑦𝑗 is a
binary variable indicating whether a facility 𝑗 is open or not. If a facility 𝑗 is built (𝑦𝑗 = 1) then
the building cost is 𝑓𝑗 , and if customer 𝑖 is served from facility 𝑗 (𝑥𝑖,𝑗 = 1) then the cost is 𝑐𝑖,𝑗 .Hence, minimize the sums over both type of costs. The first constraint says that every customer
must be served by exactly one facility and the second constraint makes sure that a customer can
only be served by a facility if it is open (if 𝑦𝑗 = 0 then no customer 𝑖 can be served from 𝑗, that
is, 𝑥𝑖,𝑗 must be 0 for all 𝑖 ∈ 𝐼).

min
∑

𝑖,𝑗
𝑐𝑖,𝑗𝑥𝑖,𝑗 +

∑

𝑗
𝑓𝑗𝑦𝑗

s.t. ∑

𝑗
𝑥𝑖,𝑗 = 1 forall 𝑖 ∈ 𝐼

𝑥𝑖,𝑗 ≤ 𝑦𝑗 forall 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽
𝑥𝑖,𝑗 ∈ [0, 1], 𝑦𝑗 ∈ [0, 1] forall 𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽

Solution: With the random data of the Julia/JuMP code the graphical output of the LPL program
is given in Figure 6.

Obj=5.22642

Figure 6: Optimal Solution of the Facility Location

Further Comments: The LPL code uses the same random data as the Julia/JuMP code to com-
pare the output graph. The plotting code of Julia was omitted, because it was too long.
The model in Julia is initialized by Model() creating an empty model object. In contrast to
most Python implementations, JuMP uses the powerful marcoprogramming of Julia: Variables
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are declared by a macro @variable(model,...), constraints are declared by a macro
@constraint(model,...), etc. For the data, Julia’s efficient data structure are used.

LPL imports the data from the file facilityLoc.txt in order to generate the same result as Juli-
a/JuMP.
LPL code (run facilityLoc)

model facilityLoc " F a c i l i t y L o c a t i o n ";
parameter m; n;
parameter x_c{i}; y_c{i}; x_f{j}; y_f{j};
Read('@facitityLoc.txt', m,n);
set i:=1..m; j:=1..n;
Read{i}('@%1',x_c=2,y_c=3);
Read{j}('@%1',x_f=2,y_f=3);

parameter c{i,j}:=Sqrt((x_c-x_f)^2 + (y_c-y_f)^2);
parameter f{j}:=1;
binary variable y{j}; x{i,j};
constraint C1{i}: sum{j} x = 1;
constraint C2{i,j}: x <= y;
minimize Obj: sum{i,j} c*x + sum{j} f*y;

Draw.Scale(300,-300);
{i,j|x} Draw.Line(x_c,y_c,x_f,y_f);
{i} Draw.Circle(x_c,y_c,.02,5);
{j} Draw.Rect(x_f-.02,y_f-.02,.04,.04,if(y,3,1),3);
Draw.Text('Obj='&Round(Obj,-5),0,0);

end

LPL’s own random data: Replace the 6 first lines by the this code, if using LPL random data:
parameter m:=12; n:=5;
set i:=1..m; j:=1..n;
parameter x_c{i}:=Rnd(0,1); y_c{i}:=Rnd(0,1);

x_f{j}:=Rnd(0,1); y_f{j}:=Rnd(0,1);

Julia/JuMP code (download facilityLoc.jl)
using JuMP
import HiGHS
import LinearAlgebra
import Plots
import Random

Random.seed!(314)
m = 12
n = 5
x_c, y_c = rand(m), rand(m)
x_f, y_f = rand(n), rand(n)
f = ones(n);
c = zeros(m, n)
for i in 1:m

for j in 1:n
c[i, j] = LinearAlgebra.norm([x_c[i] - x_f[j], y_c[i] - y_f[j]], 2)

end
end

model = Model(HiGHS.Optimizer)
set_silent(model)
@variable(model, y[1:n], Bin);
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@variable(model, x[1:m, 1:n], Bin);
@constraint(model, client_service[i in 1:m], sum(x[i, j] for j in 1:n)

== 1);
@constraint(model, open_facility[i in 1:m, j in 1:n], x[i, j] <= y[j]);
@objective(model, Min, f' * y + sum(c .* x));

optimize!(model)
println("Optimal value: ", objective_value(model))
# p l o t t i n g code was o m i t t e d

3.7.2 Urban Planning: A Puzzle (uplanning)

Problem: Urban planning is simplified in this model to place either a commercial or a residential
lot in a cell of a 5 × 5 grid. Figure ?? shows an example.

Figure 7: An example of Urban Planning
The problem is to reorder the 12 Residential green lots and 13 the Commercial red lots to

maximize the quality of the layout. The quality of the layout is determined by a points system.
Points are awarded as follows:

• Any column or row that has 5 Residential lots = +5 points
• Any column or row that has 4 Residential lots = +4 points
• Any column or row that has 3 Residential lots = +3 points
• Any column or row that has 5 Commercial lots = −5 points
• Any column or row that has 4 Commercial lots = −4 points
• Any column or row that has 3 Commercial lots = −3 points

The problem was from Puzzlor – unfortunately, this page has disappeared! So has the Julia/JuMP
formulation from the JuMP tutorial page.
Modeling Steps: Let’s introduce a set of rows and columns in the grid: 𝑖, 𝑗 ∈ 𝐼 = {1,… , 5}.
The set of awarded points is: 𝑠 ∈ 𝑆 = {1,… , 6}. Furthermore, we need a set to distingish rows
and columns: 𝑡 ∈ 𝑇 = {’r’ , ’c’}. Let’s also introduce a data vector 𝑎𝑠 for the award points.
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The binary variable 𝑥𝑖,𝑗 is 1 if a cell (𝑖, 𝑗) is occupied by a residential lot, otherwise it is
occupied by a commercial lot. We need another binary variable 𝑦𝑖,𝑠,𝑡 which is 1, if and only if
the row(column) 𝑖 has exactly 𝑠 − 1 residential lots. So, for example, 𝑦1,1,𝑟 = 1 means: the row
1 has zero (0) residential lots.

The first constraint says that the number of residential lots is 12:
∑

𝑖,𝑗
𝑥𝑖,𝑗 = 12

The second and third constraints are nothing else than defintions of the 𝑦𝑖,𝑠,𝑡,𝑟 variables. The
second constraint is for the rows and models the following: if and only if the number of residen-
tial lots in row 𝑖 is 𝑠 − 1 then 𝑦𝑖,𝑠,𝑟 = 1 The third constraint is for the columns and models the
following: if and only if the number of residential lots in column 𝑖 is 𝑠 − 1 then 𝑦𝑖,𝑠,𝑟 = 1. This
condition can be formulated as a logical equivalence :

𝑦𝑖,𝑠,’r’ ↔
∑

𝑗
𝑥𝑖,𝑗 = 𝑠 − 1 forall 𝑖 ∈ 𝐼, 𝑠 ∈ 𝑆, 𝑡 ∈ 𝑇

𝑦𝑗,𝑠,’c’ ↔
∑

𝑖
𝑥𝑖,𝑗 = 𝑠 − 1 forall 𝑗 ∈ 𝐼, 𝑠 ∈ 𝑆, 𝑡 ∈ 𝑇

Finally, the sum of all awards should be maximized:
∑

𝑖,𝑠,𝑡
𝑎𝑠 ⋅ 𝑦𝑖,𝑠,𝑡

Solution: The total awards that can be reached is 14. Three residential lots are on rows 2 − 5
and columns 1, 2, 4, 5.

obj
14.00

x{i,j}
1 2 4 5
-------------------------------

2 | 1 1 1
3 | 1 1 1
4 | 1 1 1
5 | 1 1 1

Further Comments: The Julia/JuMP code is from the JuMP tutorial at JuMP.dev Tutorial). In
Julia/JuMP the problem is formulated explicitly as a linear MIP problem. LPL uses logical
constraints that are translated automatically to linear constraints.
The model cannot be found anymore in the JuMP web-site. I guess it is erroneous, although it
produces a correct result (but I did not find out its logic!).
LPL code (run uplanning)

model uplanning " Urban P l a n n i n g : A P u z z l e ";
set i,j := 1..5 " rows / c o l s ";
s := 1..6 " p o i n t s e t ";
t := /r,c/ " row / c o l ";

parameter a{s} := [-5,-4,-3,3,4,5] " awards ";
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binary variable x{i,j}; y{i,s,t};
constraint A: sum{i,j} x = 12;
R{i,s}: y[i,s,'r'] <-> sum{j} x = s-1;
C{j,s}: y[j,s,'c'] <-> sum{i} x = s-1;

maximize obj: sum{i,s,t} a*y;
Writep(obj,x);

end

Julia/JuMP code (download uplanning.jl)
using JuMP
import GLPK
import Test
function example_urban_plan()

model = Model(GLPK.Optimizer)
@variable(model, 0 <= x[1:5, 1:5] <= 1, Int)
rowcol = ["R", "C"]
points = [5, 4, 3, -3, -4, -5]
@variable(model, 0 <= y[rowcol,points,1:5] <= 1, Int)
@objective(
model,
Max,
sum(

3 * (y["R", 3, i] + y["C", 3, i]) +
1 * (y["R", 4, i] + y["C", 4, i]) +
1 * (y["R", 5, i] + y["C", 5, i]) -
3 * (y["R", -3, i] + y["C", -3, i]) -
1 * (y["R", -4, i] + y["C", -4, i]) -
1 * (y["R",-5,i] + y["C",-5,i]) for i in 1:5

)
)
@constraint(model, sum(x) == 12)
for i in 1:5
@constraints(model, begin

y["R",5,i] <= 1 / 5 * sum(x[i,:]) # sum=5
y["R",4,i] <= 1 / 4 * sum(x[i,:]) # sum=4
y["R",3,i] <= 1 / 3 * sum(x[i,:]) # sum=3
y["R",-3,i] >= 1 - 1 / 3 * sum(x[i,:]) # sum=2
y["R",-4,i] >= 1 - 1 / 2 * sum(x[i,:]) # sum=1
y["R",-5,i] >= 1 - 1 / 1 * sum(x[i,:]) # sum=0
y["C",5,i] <= 1 / 5 * sum(x[:,i]) # sum=5
y["C",4,i] <= 1 / 4 * sum(x[:,i]) # sum=4

... continue with Julia code
y["C",3,i] <= 1 / 3 * sum(x[:,i]) # sum=3
y["C",-3,i] >= 1 - 1 / 3 * sum(x[:,i]) # sum=2
y["C",-4,i] >= 1 - 1 / 2 * sum(x[:,i]) # sum=1
y["C",-5,i] >= 1 - 1 / 1 * sum(x[:,i]) # sum=0

end)
end
optimize!(model)
Test.@test termination_status(model) == OPTIMAL
Test.@test primal_status(model) == FEASIBLE_POINT
Test.@test objective_value(model) = 14.0
return

end

example_urban_plan()
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3.7.3 The Passport Problem (passport)

Problem: What is the number of passports a person would need to visit all 199 countries without
a visa? (The problem is from JuMP.dev example).
Modeling Steps: Let 𝑐, 𝑑 ∈ 𝐶 = {1,… , 199} be a set of all 199 countries. And let 𝑝𝑐,𝑑 be the
matrix of passport-index with the following values (jan 2022):

• 3 = visa-free travel
• 2 = eTA is required
• 1 = visa can be obtained on arrival
• 0 = visa is required
• -1 is for all instances where passport and destination are the same
We are looking for entries −1 and 3. So let:

𝑃𝑐,𝑑 = 1 , if 𝑝𝑐,𝑑 = −1 or 𝑝𝑐,𝑑 = 3

We introduce a binary variable 𝑥𝑐, which is 1 if a passport for this country is needed.
The constraint is as follows: for each country 𝑐, at least one valid passport is needed:

∑

𝑑
𝑃𝑐,𝑑𝑥𝑐 ≥ 1 forall 𝑐 ∈ 𝐶

The number of passports is to be minimized:
min

∑

𝑐
𝑥𝑐

Solution: The result is that one needs 23 passports, with the data 𝑝𝑐,𝑑 stored in file passport1.csv.
They are (Jan 2022) :

Afghanistan Comoros Congo Georgia
Germany Hong Kong India Kenya

Madagascar Maldives Mali New Zealand
North Korea Papua New Guinea Singapore Somalia

Sri Lanka Tunisia Turkey Uganda
United Arab Emirates United States Zimbabwe

Further Comments: Julia uses the package DataFrames and CSV to read data from Excel. It
also uses the package GLPK to link the solver. In Julia/JuMP a mathematical model is declared
using the macros @variable, @constraint, and @objective.
LPL code (run passport)
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model passport;
set c,d " c o u n t r i e s ";
parameter p{c,d} " p a s s p o r t −i n d e x "; dummy;
Read('passport1.csv,,\t,',dummy,{c} c);
Read{c}('passport1.csv,;1,\t,',c,{d} p);
/ / a l t e r n a t i v e l y r e a d from a t e x t f i l e :
/ / Read { c } ( ' p a s s p o r t . t x t , , \ t ' , c =2) ;
/ / Read { c } ( ' p a s s p o r t . t x t , , \ t ' , c =2 ,{ d} p ) ;
parameter P{c,d}:=if(p=-1 or p=3,1);
binary variable x{c};
constraint A{d}: sum{c} P[c,d]*x[c] >= 1;
minimize nr: sum{c} x;
Write('Min number of passports: %d\n',nr);
Write{c|x}('* %s\n',c);

end

Julia/JuMP code (download passport.jl)
import DataFrames, CSV;
const DATA_DIR = joinpath(\verb?__DIR__, "data")
passport_data = CSV.read(

joinpath(DATA_DIR, "passport1.csv"),
DataFrames.DataFrame,

)

function modifier(x)
if x == -1 || x == 3

return 1
else

return 0
end

end

for country in passport_data.Passport
passport_data[!, country] = modifier.(passport_data[!, country])

end
C = passport_data.Passport

using JuMP
import GLPK
model = Model(GLPK.Optimizer)
@variable(model, x[C], Bin)
@objective(model, Min, sum(x))
@constraint(model, [d in C], passport_data[!, d] * x >= 1)
optimize!(model)
println("Minimum number of passports needed: ", objective_value(model))
println("Optimal passports:")
for c in C

if value(x[c]) > 0.5
println(" * ", c)

end
end

3.8 Other Programming Languages
Most solvers also include libraries that can be called from any programming language. The
most popular languages are C++, Java, C#, or C. The model formulation is then implemented
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as a program and the mathematical model structure disappears in the code. The advantage is,
of course, the complete flexibility in implementing. If you are a C whiz, you would prefer to
use C also to program models. Furthermore, a model may be a small part of a larger software
project, then it might be beneficial to use a common language. Many reasons speak for such
an approach. Once the code structure of calling the solver is implemented, it is easy to “reuse”
it for other projects. On the other hand, most modeling system come along with libraries, so
why not include them into the larger project of the chosen programming language? LPL, for
instance, exports the whole functionality into a dynamic library callable by most programming
languages.
In any case, many reasons guide the choice of a tool for modeling: specifications, habit, skills.
In the following, a small linear model is exposed to illustrate the implementation details using
Gurobi’s library in the programming language C.

3.8.1 A small MIP model (mip1-c)

Problem: The problem is the following small linear integer model :
max 𝑥 + 𝑦 + 2𝑧
𝑠.𝑡 𝑥 + 2𝑦 + 3𝑧 ≤ 4

𝑥 + 𝑦 ≥ 1
𝑥, 𝑦, 𝑧 ∈ [0, 1]

The optimal solution is (𝑥, 𝑦, 𝑧) = (1, 0, 1). The example is from Gurobi Examples.
Further Comments: LPL calls Gurobi’s library to solve the model. Internally, it is basically the
same code as the C code below, but all those implementation details are hidden from the modeler.
The C code first declares the data needed. Then the model is initialized, license is checked, some
parameters are set using the library functionsGRBemptyenv, GRBsetstrparam, GRBstartenv,
GRBnewmodel. After the initialization, variables and constraints are added withGRBaddvars
and GRBaddconstr, the optimizer is called (GRBoptimize) and finally various output func-
tions extract the solution.
That is basically the same as LPL does when calling the Gurobi solver.
LPL code (run mip1-c)

model mip1c "A s m a l l MIP model ";
binary variable x; y; z;
maximize O: x + y + 2*z;
constraint C1: x + 2*y + 3*z <= 4;

C2: x + y >= 1;
Writep(O,x,y,z);

end

C code for gurobi (download mip1-c.c)
/ / C o p y r i g h t 2022 , Gurobi O p t i m i z a t i o n , LLC
#include <stdlib.h>
#include <stdio.h>
#include "gurobi_c.h"

int main(int argc, char *argv[]) {
GRBenv *env = NULL;
GRBmodel *model = NULL;
int error = 0;
double sol[3];
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int ind[3];
double val[3];
double obj[3];
char vtype[3];
int optimstatus;
double objval;

error = GRBemptyenv(&env); if (error) goto QUIT;
error = GRBsetstrparam(env, "LogFile", "mip1.log"); if (error) goto

QUIT;
error = GRBstartenv(env); if (error) goto QUIT;
error = GRBnewmodel(env, &model, "mip1", 0, NULL, NULL, NULL, NULL,

NULL); if (error) goto QUIT;

/ / Add v a r i a b l e s
obj[0] = 1; obj[1] = 1; obj[2] = 2;
vtype[0] = GRB_BINARY; vtype[1] = GRB_BINARY; vtype[2] = GRB_BINARY;
error = GRBaddvars(model, 3, 0, NULL, NULL, NULL, obj, NULL, NULL,

vtype, NULL);
if (error) goto QUIT;

/ / Change o b j e c t i v e s e n s e t o m a x i m i z a t i o n
error = GRBsetintattr(model, GRB_INT_ATTR_MODELSENSE, GRB_MAXIMIZE);
if (error) goto QUIT;

C code for gurobi, continuing ...
/ / F i r s t c o n s t r a i n t : x + 2 y + 3 z <= 4
ind[0] = 0; ind[1] = 1; ind[2] = 2;
val[0] = 1; val[1] = 2; val[2] = 3;

error = GRBaddconstr(model, 3, ind, val, GRB_LESS_EQUAL, 4.0, "c0");
if (error) goto QUIT;

/ / Second c o n s t r a i n t : x + y >= 1
ind[0] = 0; ind[1] = 1;
val[0] = 1; val[1] = 1;

error = GRBaddconstr(model, 2, ind, val, GRB_GREATER_EQUAL, 1.0, "c1"
);

if (error) goto QUIT;

/ / Op t imize model
error = GRBoptimize(model);
if (error) goto QUIT;

/ / Wr i t e model t o ' mip1 . l p '
error = GRBwrite(model, "mip1.lp");
if (error) goto QUIT;

/ / C a p t u r e s o l u t i o n i n f o r m a t i o n
error = GRBgetintattr(model, GRB_INT_ATTR_STATUS, &optimstatus);
if (error) goto QUIT;

error = GRBgetdblattr(model, GRB_DBL_ATTR_OBJVAL, &objval);
if (error) goto QUIT;

error = GRBgetdblattrarray(model, GRB_DBL_ATTR_X, 0, 3, sol);
if (error) goto QUIT;
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printf("\nOptimization complete\n");
if (optimstatus == GRB_OPTIMAL) {
printf("Optimal objective: %.4e\n", objval);
printf(" x=%.0f, y=%.0f, z=%.0f\n", sol[0], sol[1], sol[2]);

} else if (optimstatus == GRB_INF_OR_UNBD) {
printf("Model is infeasible or unbounded\n");

} else {
printf("Optimization was stopped early\n");

}

QUIT:
if (error) {
printf("ERROR: %s\n", GRBgeterrormsg(env)); exit(1);

}
/ / F r ee model
GRBfreemodel(model);
/ / F r ee e n v i r o n m e n t
GRBfreeenv(env);
return 0;

}

4 Further Tools
The reader finds a lot of other mathematical tools and toolboxes in the Internet. I have basically
concentrated on numeric optimization. Further tools I found interesting are given below.

• SageMath is an open source mathematical software built out of nearly 100 open-source
packages to study elementary and advanced, pure and applied mathematics. This in-
cludes a huge range of mathematics, including basic algebra, calculus, elementary to very
advanced number theory, cryptography, numerical computation, commutative algebra,
group theory, combinatorics, graph theory, exact linear algebra and much more. Sage-
Math can also be linked to most advanced optimization libraries like Gurobi or Cplex.

• Scilab is another open source software for numerical computation. It is –like GNU Octave
an open-source alternative to MATLAB. It also contains a high-level, numerically oriented
programming language.

• A very popular open-source environment for developing models is Jupyter Notebook. All
mentioned systems in Python or Julia can be neatly be integrated with Jupyter Notebook.
But other languages can be used: Go, Scala, Erlang, etc. For teaching math modeling this
is an excellent tool. If you like to model with JuMP/Julia, for instance, you only need to
install the IJulia package:

using Pkg
Pkg.add("IJulia")
using IJulia
notebook()

Now you are ready to use the Notebook to interactively enter the model code.
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• The R-Project is a open-source tool containing a programming language basically for sta-
tistical applications. But it has also interface to optimization tools.

• The NEOS Server is an Internet-based client-server application that provides free access
to more than 60 libraries of optimization solvers. A model can be submitted in various
formats (GAMS, AMPL, and others).

• Mathcad Prime was the first to introduce 1986 live editing (WYSIWYG) of typeset math-
ematical notation in an interactive notebook, combined with automatic computations. A
idea copied by many other systems. The current commercial version contains many fea-
tures in numerical and symbolic mathematics, visualization, etc. It is not as powerful as
Maple or Mathematica.

• Besides of the already mentioned solver libraries (Gurobi, Cplex, XPress), HiGHS is one
of the most advanced open-source linear optimization solver. MOSEK is a commercial
solver library and solves LPs, QPs, SOCPs, SDPs and MIPs. It includes interfaces to C,
C++, Java, MATLAB, .NET, Python and R. Knitro is one of the most advanced solver for
nonlinear optimization.

• If you just need a powerful mathematical library containing high performance algorithms
and you program everything else yourself, consider the Nag Library.

5 Conclusion
The list of mathematical tools in this paper is uncomplete and it is based on my personal and
subjective experiences. I hope that I mentioned the most important once. Furthermore, there is
no rating here, just a simple example is given that should give a first glimpse on the tools.
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